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ABSTRACT

The response of steady oceanic boundary currents to topographical forcing is examined by
a simplified inviscid one-layer model on a beta-plane. The currents are confined between a
solid vertical boundary on one side and a free streamline, beyond which the ocean is motionless,
on the other. Approximate solutions for both zonal and meridional currents are obtained using
power series expansions in the ratio between the width of the current to the length scale of the
topography.

It is found that upon encountering a longitudinal ridge, an eastward flowing current confined
between a solid vertical boundary on the left (north) and a free streamline on the right (south)
may deflect to either direction (toward or away from the coast) depending on the Rossby
number, the relative depth change and the variation of the Coriolis parameter with latitude. In
mid-latitude a small Rossby number flow narrows and deflects northward as it crosses a ridge in
the northern hemisphere. By contrast, when the current is Jocated close to the equator, the ridge
causes broadening and a southward deflection. Consequently, there exists a latitude at which a
given decrease in depth does not cause any defiection.

Similarly, a meridional southward flowing current confined between a solid wall on the left
(east) and a free streamline on the right (west) intensifies and deflects eastward or broadens and
deflects westward depending on the range of parameters.

The parameters of both zonal and meridional currents may combine in such a way that the
currents turn sharply away from the coast. Under certain conditions, the sharp turning is
associated with a separation of the current from the coast and a subsequent formation of a

“blocked” region near the wall.

1. Introduction -

This study i1s concerned with the interaction of
inertial barotropic boundary currents on a beta-
plane with longitudinal topographical features
whose axes are perpendicular to the direction of the
approaching currents. The currents are bounded by
a solid wall on one side and a free streamline,
beyond which the ocean is stagnant, on the other.

There have been a number of investigations of
the topographic effects on inertial infinitely wide
unbounded barotropic flows and the topographic
effects on finite width currents. Among the former
studies are those of Clark and Fofonoff (1964),
Porter and Rattray (1964} and Mclntyre (1968).
These investigations show that a uniform, infinitely
wide unbounded eastward current deflects initially
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to the right! (southward) when the current crosses
a ridge. The B effect provides a restoring force
and causes a stationary Rossby-wave pattern
downstream.

The effect of varying bathymetry on free inertial
oceanic jets have been studied by Warren (1963),
Robinson and Niiler (1967), and Robinson and
Taft (1972), who analyzed jets integrated across
their width. Huppert and Stern (1974) examined
the influence of bottom topography on flows in
uniformly rotating channels. They showed that side
walls play an important role in determining the
steady response of a channel flow to varying

! Hereafter, right and left are with reference to an
observer looking downstream in the northern
hemisphere.
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bathymetry even if the walls are at large distance
from each other. Rged (1979) considered the
influence of varying geometry on hydraulically
driven inertial boundary currents whose free
surface tilt is large so that the free surface intersects
the bottom. Under such conditions the current
occupies only a portion of the ocean leaving the
remaining floor dry. While these investigations are
informative, they do not deal directly with the
problem considered in this study. The same can be
said of Ekman (1923), Sverdrup (1961), Neumann
(1960), Boyer (1971a, b), and McCartney (1976).
None of these investigations have deait with the
problem posed in our study where inertial currents
bounded by a wall and a free streamline on a f§
plane adjust themselves to variations in depth.

The purpose of this study is to examine the
general characteristics of the currents interactions
with varying bathymetry. To examine the dynamics
of the flow, we consider zonal and meridional
geostrophically balanced currents interacting with
a gently sloping bottom on a f plane. The depth
change causes the currents to deviate from their
exact upstream geostrophic balance and the flow
reachgs a new balance above the new depth. To
simplify the analysis, the hydrostatic assumption
is invoked and we consider bathymetric changes
"which are much larger than the free surface
displacement. However, the Rossby number
characterizing the problem is not constrained to
be small. The general analysis is applicable to
various types and shapes of bathymetry but only
the cases of flows over sinusoidal ridges are given
as examples.

Although the potential vorticity equation which
governs the flow is linear, the problem is nonlinear.
This is because of the boundary condition along the
edge of the currents which is obtained from the
Bernoulli integral and is necessary since the shape
and location of the free bounding streamline are not
given a priori. The nonlinearity of the boundary
condition is removed by using power series
expansion in the ratio between the width of the
current to the width of the ridge. The formulation
of the problem is given in Section 2 where the
governing equations are derived and the approxi-
mations are discussed. Sections 3 and 4 contain the
mathematical solution and the perturbation analy-
sis for zonal and meridional flows. The paper
concludes with a summary and discussion (Section

5).
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2. Formulation

We shall first consider a steady, zonal, eastward
flowing barotropic current. The formulation for
steady, barotropic meridional currents will be
presented at the end of this section.

The x axis is taken positive toward the east and
the y axis is directed toward the north (Fig. 1). The
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Fig. 1. Schematic diagram of the model under study.
The current is confined between a solid wall on the north
and a free streamline, beyond which the ocean is
stagnant, on the south. AH has a sinusoidal dis}r\ibution
[AH = AH[1 + sin n(2x/a — 1/2)1/2, where AH is the
ridge height at x = a/2] and is measured from the bottorn
of the ocean. ¢, the free streamline horizontal displace-
ment, is measured in the y direction from the upstream
undisturbed edge.

system rotates counterclockwise about a vertical
axis and the topography is represented by an
irregularity in the lower boundary. For hydrostatic
motions the pressure is a linear function of z and
the horizontal pressure gradients depend on x and y
alone. Therefore, the horizontal velocity compo-
nents (# and v) are taken to be independent of
depth. For such conditions the potential vorticity
equation and the Bernoulli integral are [see e.g.,
Gutman (1972)]:

Vi (Vyw/h) + f= hK(w)
(Vaw/h3/2 + gn = G(y)

(2.1)
(2.2)
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where K(y) = dG(w)/dy, V,, is the horizontal
del-operator, f/ the Coriolis parameters, % the total
depth of the fluid column, g the acceleration of
gravity, n the free surface displacement, and v a
transport function defined by:

vh = O/ ox. 2.3)

The free surface displacement #(x,y) is measured
upward from the free surface height directly above
the origin [i.e., #(0,0) = O], and the transport
function w(x,y) is taken to be zero at the coast [i.c.,
w{x,b) = 0, where b is the distance between the
coast and the origin (see Fig. 1)).

To simplify the analysis we shall consider a
bathymetry which varies only with x [i.e., AH =
AH(x), where AH is the deviation of the bottom
height from its upstream level (see Fig. 1)]. The
functions K(w) and G(y) are to be determined
from the upstream conditions which must be
specified. To simplify the problem we consider
flows with an upstream geostrophic balance and a
horizontal shear, éu/dy = fy, where f is the
variation of the Coriolis parameter with latitude.
Such an upstream structure is chosen because, as
we shall see, it leads to an approximately uniform
potential vorticity; this simplifies the mathematical
analysis.

In view of the assumed horizontal shear, the
velocity distribution upstream is:

—uh = dy/8y;

(2.4)

where u; is the upstream velocity at the edge of the
current along the free bounding streamline. The
velocity at the edge of the current is taken to be
finite since the model is inviscid and there is no
reason for the velocity to vanish there even though
the rest of the ocean is stagnant. We shall return to
this point in Section 5.

For such upstream conditions the potential
vorticity is found [from (2.1)] to be:

K(w) = fo/lHg + n,(v)]

where f; is the Coriolis parameter at y = 0, H, the
upstream free surface height at y = 0 (see Fig. 1),
and 1,(y) is the upstream free surface displace-
ment expressed as a function of y. This upstream
dependence of # on y can be found by eliminating y
from the geostrophic relationship

u=u,+ fy}/2

(2.5)

I y
M= — - f (o + By)ug + By*/2) dy
gvo
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and the definition of the transport function

W=— f: (uo + By*2) [ Hy + n(»)] dy

However, as we shall see, the detailed structure of
n.(w) is not important for the present analysis
because we shall eventually neglect the contribution
of n to the potential vorticity. In view of (2.5) the
potential vorticity equation (2.1) is:

Vv

V..
N H—AHG 1wy | T

=/fo lHy— AH(x) + n(x,p))/[Hy + 1,(y)] (2.6)

where AH(x) is taken positive for a ridge so that
(H, — AH + n) represents the total depth of a fluid
column (h).

The Bernoulli function G(y) can be determined
directly from the upstream conditions but, it is
more convenient to calculate it from the known
relationship between K (i) and G(y) mentioned
earlier [K(v) = dG(w)/dy]. This relationship
gives:

Gw) = [y K (w)dy + C,

where y, is the upstream value of y at the free edge
of the current [i.e., v, = w(x,0) for x < 0] and C, is
an integration constant to be determined. Since 5
was defined to be zero upstream at y = 0 [i.e.,
n(x,0) = 0 for x £ 0] it follows from (2.2) and (2.4)
that C, = u}/2. Therefore, we may write the
Bernoulli equation (2.2) in the form:

I { v, v

2| Hy— AH(x) + n(x.y)

2
} + gn(x.p)

o 2

Yo HO + Uu(W) 2

This equation shows that the sum, $(x2 + v?) + gn,
is conserved along a line of constant y, and that the
maximum variation of the free surface vertical
displacement #(x,y) is of the order of (u2/g) or
(fou,b/g) which ever is larger. Hence, for f; ~ 10~*
sTh #g ~ 0-1 m s~! and b ~ 100 km, the free
surface displacement 7 is about 10 ¢cm. That is, # is
about three orders of magnitude smaller than both
AH and H, which are of 0(100-1000 m) for most
currents of practical interest. Consequently, terms
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involving (5/AH) and (5/H) can be neglected
without introducing errors larger than 0(1073).

For such conditions, eq. (2.5} shows that the
potential vorticity is uniform [K(y) = fy/H,), and
eq. (2.6) reduces to:

. 0AH oy
VW + = —Cf(Hy— AH) + (By + [y AHIHY)
x (Hy— AH) =0 (2.8)

We see that the neglect of terms of 0(n/AH)
eliminated » from the potential vorticity equation.
By using the same simplification [i.e., neglecting
terms of O(n/AH)], the Bernoulli equation (2.7)
reduces to:

Vaw :
m) /2 + gn=/olw — wo)/Hy + u}/2

(2.9).

and the definition of the transport function (2.3)
takes the simple form:

oy
—ulHy— AH(x)] = —;
oy

o[ Hy— AH(x)] = 22

ox

(2.10)

which, in a similar fashion to (2.8), does not involve
the free surface vertical displacement #.

The governing equations are subject to the
following boundary conditions:

y=5b (2.11a)
y={¢&(x) (2.11b)
y=1¢§(x) (2.11¢)

where £(x) is the horizontal deviation of the free
bounding streamline from its undisturbed upstream
position (see Fig. 1).

Condition (2.11a) states that the coast is a
streamline, and condition (2.11b) indicates that the
free streamline, which bounds the current from the
right is allowed to shift as the current crosses the
ridge. Condition (2.11c) is nonlinear and states that
the square of the velocity is constant along the free
bounding streamline. This condition results from an
application of the Bernoulli principle (2.9) along the
free bounding streamline (y = ). It indicates that
the free surface height (x) does not vary along the
edge of the current which ensures that the region

y=0;
W=, =u,Hyb + fb*H,/6;
(Vi w/(Hy— AP = ug;
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beyond the bounding streamline is motionless
everywhere. This free streamline condition compen-
sates for the fact that the shape and location of the
free bounding streamiine are not given in advance
but must be determined as part of the flow. Similar
free streamline conditions are discussed by Stern
(1975, chap. 2.6), Batchelor (1967), Ingersoll
(1969) and Garabedian (1964).

We shall now discuss the governing equations
for meridional boundary currents. For such cur-
rents we rotate the coordinate system, shown in
Fig. 1, by 90° counterclockwise so that the x and y
axes are directed toward the east and north
respectively. The current is flowing southward and
has a solid boundary on the left (east) and a free
streamline on the right (west). The ridge axis of
symmetry is located at y = —d/2 and is in the x
direction.

In contrast to the zonal currents case, we
consider flows with a uniform velocity distribution
upstream (v =vgat y > 0 and 0 < x < ¢, where cis
the current width). With the assumption (7! < H,
and Inl < IAH]I, the upstream condition gives a
uniform potential vorticity, K(w) = f,/H, For
topography which is independent of x [i.e., AH =
AH(y)] the potential vorticity equation (2.1)
becomes:

, JAH dy
Vav + — —[Hy— AH(»)]
dy oIy

+ (fy + L AH/H,)
x (H,—~AH)=0

The free surface vertical displacement #x is
defined in a similar fashion to previously [i.e.,
n(0,0) = 0] and the transport function equals y,
upstream at x = 0 [i.e., y, = w(0,0)]. Under such
conditions the Bernoulli equation has the same
form as (2.9), where u2/2 is simply replaced by
v3/2. The boundary conditions are similar to those
of zonal currents and their details will be given
in Section 4.

(2.12)

3. Zonal currents

3.1. Perturbation analysis

Equations (2.8) and (2.9) hold for all streamlines
which originate upstream. In the subsequent
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analysis, the following non-dimensional scaled
variables are used:

x*=x/a,  y*=y/b; & =¢/b; N
u* = ufu,
v* =v/u,(bla); AH*=AH/H,;
(3.1}
y* =ylu Hyb
Ry =uy/fy b; e=(b/a)%
B~ = b/, ’

where a is the width of the ridge which is assumed
to be much larger than the upstream current width
(b). In terms of these non-dimensional variables
(2.8) becomes:

OAH* dy* Py

e| Pyt ox*? + id (1—AH* |+ v
ox* ox* oy*?
+ (1— AH®(B** + AH*/R) = 0 (3.2)

The non-dimensional boundary conditions are
found from (2.11) to be:

v*=0; ¢ =1 (3.3a)
y* =1+ p*/6; yE=EM(x") (3.3b)
e(Oy*/ox*) + (Qy*/ay*)

=(1—-AH"Y yr=E(x") (3.3¢)

It is further assumed that the transport function
w* and the free streamline displacement &* possess
the expansions:

(3.4a)
(3.4b)

where the parameter ¢ = (b/a)? is small compared
to unity. By substitution of (3.4) into (3.2) and
(3.3) and collecting terms of order unity one
obtains the zeroth-order potential vorticity
equation:

32 W(O)

Sp*?

= gy

E =0 4 gl 4

+(1—AH®) (%" + AH*/Ry)=0 (3.5

and the zeroth-order boundary conditions:
v =0,

w9 =1+ f*6;
Ay0/8y* = —(1 — AH*);

¥ =1 (3.6a)
y*=&0(x*) (3.6b)
p*=E0(x*) (3.6c)

which are valid for all x* We see that the
perturbation scheme has removed the changes in
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curvature vorticity (dv*/dx*) from the potential
vorticity equation and the nonlinearity from the
boundary condition at the edge of the current.
Under such conditions the changes in the bathy-
metry are compensated only by generation of shear
(6u'®/8y*) and changes in latitude. Note that both
R, and AH* can be of order unity and are not
necessarily small.

3.2. Zeroth-order solution

To find the zeroth-order solution we proceed as
follows. The solution of (3.5) which satisfies (3.6a)
1s:

—AH* Vi

W(0)= (I—AH*)[(V*)z—l]—"‘g

0

x(1 = AHM[O*P - 1]+ A(x"0*—1) (3.9)

where A(x*) is to be determined. Substitution of
(3.9) into (3.6b) and (3.6¢) gives:

*

L+ /6=

—-i—(l — AH*)[(CO) ~ 1]

[(E@) — 1](1 — AH*)

0

+ A(x*(EO -1
and,

(3.10)

o oy
2

A(x*)= (1 - AH*)
0
(3.11)
The last two equations enable one to find both
A{x*) and ¢ and thus to obtain an expression for
v'®, By eliminating 4(x*) from (3.10) and (3.11)
one obtains:
(1 + B%6)/(1 — £ — AH*) + p*(£9)*/3

+ & (AH*/2R, — B*/6)

— (AH*2R,+ B*6 + N=0 (3.12)
which is a cubic equation for &@ and hence has
an exact analytical solution [see e.g. Pearson
(1974)). We shall now discuss the properties of
(3.12) for a various range of parameters. Before
discussing the most general cases, where the
uniform rotation (AH*/R,) and the f effect are of
comparable importance, we shall consider the
solutions on a non-rotating plane (R, - oo; §* = 0)
and the solution on a uniformly rotating plane
(f* = 0). These will shed some light on the
processes involved.
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