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On the migration of isolated eddies with application to
Gulf Stream rings

by Doron Nof '

ABSTRACT

An analytical model describing the 8-induced drift of isolated nonlinear eddies such as the
cold- and warm-core rings observed in the Atlantic Ocean is proposed. The ocean is
approximated by two layers and attention is focused on frictionless upper ocean eddies whose
surface area is finite. These isolated eddies are nonlinear in the sense that (a) the corresponding
Rossby number is relatively large and (b) the interface vertical displacements (“amplitudes”)
are comparable to the upper layer undisturbed depth. Solutions for steadily translating eddies
which carry their entire mass as they move are sought. Examination of the problem in a moving
coordinate system enables one to construct such solutions analytically by using the equations of
motion in an integrated form and a power series expansion.

Significant differences between the behavior of cyclonic and anticyclonic eddies are found.
Although both cyclonic and anticyclonic eddies drift to the west due to 8, their speeds and
dynamical behavior are very different. For some range of parameters the 8-induced drift of an
anticyclonic eddy differs by as much as 400% from the drift of a cyclonic eddy with similar
characteristics. Furthermore, the B-induced translation of cyclonic eddies increases with size
and decreases with “amplitude” whereas the speed of anticyclonic eddies decreases with size and
increases with increasing amplitude. In addition, the transiation of anticyclonic eddies is larger
than the long wave speed (based on the undisturbed depth) whereas the translation of cyclonic
eddies is smaller than the long wave speed. Since such a dynamical behavior is not revealed by
quasi-geostrophic theory (which does not distinguish between cyclonic and anticyclonic eddies)
it is suggested that nonlinearity plays an important role in the dynamics of some isolated rings.

Application of the theory to the Gulf Stream rings suggests that the self-propelled movement
due to 8 is ~2 cm sec™' for cold-core rings and ~1 ¢m sec-' for warm-core rings. Each ring may
carry as much as 8-10,000 km* of upper ocean water as it moves.

1. Introduction

During the last decade, it has been demonstrated that the cold- and warm-core Gulf

Stream rings are the most energetic features in the Sargasso Sea and the Slope Water.
With orbital velocities as high as 1.5 m sec™', a diameter of ~200 km, and a depth of

~600 m (Fig. 1) their energy is larger than that of many ocean currents.
One of the most interesting aspects of these rings is their observed ability to move
westward until they ultimately rejoin the Stream [see e.g., the Ring Group (1981)].
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Figure 1a. The structure of a cold-core ring observed south of the Gulf Stream on 12 Mar 1977
[adapted from Richardson (1980)].

Apparently, the variation of the Coriolis parameter with latitude is at least in part
responsible for their migration because it can provide a self-propelling mechanism
which enables them to move westward independently of any mean flow [see e.g.,
Warren (1967); Flierl (1977)].

A considerable number of both theoretical and observational investigations have
attempted to examine this B-induced movement in detail and to determine whether or
not the observed behavior can be explained by the @-effect alone [see e.g., Flierl
(1979); Flierl et al. (1980); Mied and Lindemann (1979); McWilliams and Flierl
(1979); Flierl (1981)]. However, although much progress has been made, the behavior
of rings on a @ plane is not yet completely understood. In particular, the role of strong
nonlinearity and its relationship to the amount of water which is trapped and carried by
the eddy as it moves is only partially known. These processes are of interest because the
rings have high “amplitudes” (comparable to the upper layer depth) and high Rossby
numbers, and they have been observed to carry mass as they translate. That is to say,
the rings do not behave like most waves which allow the pressure anomaly to translate
but leave the mass behind. Rather, they transport material and carry their mass for
long distances away from their area of formation [see e.g., the Ring Group (1981)].

The purpose of this paper is to incorporate the role of nonlinearity and the transfer of
material into an analytical model. To do so, we shall simplify the problem to that of a
frictionless isolated eddy, bounded by a free streamline, which translates steadily in the
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Figure 1b. The structure of a warm-core ring observed north of the Gulf Stream on 29 June
1975 [adapted from Cheney (1976)].

upper ocean. As we shall see, such a model allows for the entire eddy’s mass to be
carried along with the moving eddy. The model presented in this paper represents a
generalization of the earlier models described in Nof (1981) and Nof (1982) which
address the movements of lenslike anticyclonic eddies. The basic difference between
the present and these previous investigations is the presence of a net integrated
pressure force exerted by the surrounding fluid on the isolated eddies. Such a force
does not exist in the anticyclonic lens-shape case because the depth of these eddies
vanishes along the outer edge.

For simplicity it will be assumed that the eddies are entirely isolated in the sense that
they are free from any interactions with boundaries or other eddies. The active upper
field contains two regions, the eddy itself (the “interior’”) and the outside fluid
(“exterior”) which is displaced northward and southward as the eddy is passing. To
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obtain the solution for the problem, the equations of motion for the interior are
integrated over the whole volume of the eddy in a coordinate system moving with the
eddy itself. The resulting equations are then combined with the exterior equations and
with a perturbation scheme in € = 2/ f, (the ratio between the variation of the Coriolis
parameter across the eddy to the Coriolis parameter in the center) which gives a simple
integrated relationship for the translation speed.

This relationship enables one to compute the S-induced drift of both weakly and
strongly nonlinear eddies. It is applied to eddies with various structures corresponding
to various translation speeds. For clarity, it is applied first to a class of simple eddies
whose swirl velocity increases linearly with the distance from the center. As we shall
see, calculation of the B-induced translation does not require knowledge of the exact
eddy’s structure and shape nor does it require exact knowledge of the exterior solution.
It is sufficient to know the structure that the eddy would have in the absence of 8 (i.e.,
on an f plane). Using this information, the translation speed is calculated for various
Rossby numbers. The differences between the B-induced drift of cyclonic and
anticyclonic eddies are then considered and analyzed. Much of the discussion is
devoted to a detailed comparison between the integrated forces acting on cyclonic
eddies and those acting on anticyclonic eddies.

After presenting the behavior of the eddies with linear orbital velocity, more
complicated eddies with a swirl velocity which is parabolically distributed are
considered. With the aid of these different cases, it is then suggested that in the
Atlantic Ocean the cyclonic eddies translate considerably faster than the isolated
anticyclonic eddies. The predicted translation speeds are compared with (a) the
quasi-geostrophic translation speed given by Flierl (1977), and (b) the observed
translatory values for cold- and warm-core rings given by Richardson (1980), and Lai
and Richardson (1977). It is demonstrated that, despite the fact that Flierl’s -
quasi-geostrophic theory addresses eddies whose structures are considerably different
from those considered in this study, our results for cyclonic eddies do not deviate more
than 20% from his predictions. However, the situation is quite different with regard to
anticyclonic rings. Flierl’s theory predicts the same speed for both cyclonic and
anticyclonic eddies, whereas the present model suggests that cold-core rings travel
almost twice as fast as warm-core eddies. The implications of these findings are
discussed and it is suggested that nonlinearity plays an important role in the dynamics
of some isolated eddies. .

This paper is organized as follows: The formulation of the problem is presented in
Section 2, the general solution in Section 3 and the perturbation analysis in Section 4.
The general theory is then applied to eddies with an orbital velocity which is linearly
distributed (Section 5) and to more complicated eddies. This is followed by an
examination of the relationship between the theory and the actual drift of Gulf Stream
rings (Section 6). The results of this work are summarized in Section 7.
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Figure 2. Schematic diagram of the model under study. The eddy is bounded by a free
separating streamline (¢ = 0); the free surface vertical displacement 7 (x, ») and the interface
displacement £ (x, y) are measured upward and downward (respectively). The eddy is
translating zonally at a constant speed C (positive for eastward movement and negative for
westward). The shaded area denotes the portion of the field whose mass is translating with the
pressure field. The exterior (not shaded) corresponds to movements induced by the drifting
eddy.

2. Formulation

As an idealized formulation of the problem, consider the two layer model shown in
Figure 2. The eddy is bounded by a free streamline, the lower layer is assumed to be
passive and infinitely deep, and away from the eddy the ocean is at rest. We shall seek
solutions corresponding to an eddy which translates zonally at a constant speed C
(positive for eastward motion and negative for westward). It is assumed that the eddy’s
shape does not change much in time so that in a coordinate system moving with the
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eddy itself the motion can be taken to be steady. It is not a priori obvious under what
conditions the assumption is adequate but using scaling arguments it will be shown
later that for many eddies the dispersion is small and can be neglected. As we shall see,
this condition is adequate as long as (82/f,)” « R,, where £ is the eddy size, defined as
half the distance between the northernmost and southernmost edges, R, is the Rossby
number and f, is the Coriolis parameter at y = 0.

The origin of our moving coordinates system is located at the center of the eddy (i.e.,
where the velocity vanishes); the x and y axes are directed toward the east and north
(respectively), and the system rotates with an angular velocity 1 f about the vertical
axis (z). The equations of motion and continuity for this moving coordinates system are
obtained by applying the transformations ¥ — x + Ct, § — y to the corresponding
equations in a fixed frame of references (%, 7). Our flow field has two active regions,
the eddy itself [i.e., the region inside the free streamline (¢ = 0)] and the upper fluid
which surrounds the eddy. Hereafter, we shall refer to these regions as the “interior”
and “exterior” fields. The governing equations and boundary conditions for these
regions are presented below.

a. Interior. For hydrostatic motions and a passive lower layer, the transformed
governing equations are:
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where the subscript / indicates that the variable in question is associated with the
interior field. Here, u, and v, are the depth-independent [u; = u; (x, ¥); vi = ¥; (x, y)]
horizontal velocity components, and 4, is the total depth [i.e. A, = H + & + n,= H + &,
where H is the exterior undisturbed depth, #, (x, y) is the eddy’s free surface vertical
displacement which is measured upward and £ (x, y) is the eddy's interface
displacement which is measured downward]. The density difference between the layers
is Ap («p), and g’ is the “reduced gravity” defined by g’ = Apg/p.

In deriving the governing equations, the assumption of no pressure gradients in the
passive lower layer [n, = (ap/p)&] has been used in order to express the pressure
gradients in terms of g’ and h;. With a finite lower layer, this assumption may not be
valid because under such conditions the eddy may induce motions (in the lower layer)
which may not be negligible. That is to say, with a finite lower layer there may be
important interactions between the eddy and the fluid below so that the right-hand side
of (2.1) and (2.2) cannot be expressed in terms of g’ and A alone.






