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The gamma plane approximation introduced in this study corresponds to a nonlinear horizontal
shallow flow in a plane where, in addition to the familiar linear variation of f (ie., ), there is a
quadratic variation with latitude. Such a plane may have some application to the mesoscale oceanic
flow in the immediate vicinity of the North Pole because at the pole the linear gradient () vanishes so
that the quadratic variation (y) is the dominant gradient. It is also applicable to the flow near the
center of a rotating (laboratory) tank.

Exact analytical solutions analogous to the stationary barotropic mid-latitude modons (Stern, 1975)
are constructed. First, it is shown that, for a modon situated slightly off the pole (i.e., both § and y are
present) the condition of stationarity (in a resting ocean) takes the form ﬂﬂl//dx dy—2y [y dx 4v=0,
where i is the streamfunction and x and y are Cartesian coordinates pointing eastward and norilivard,
respectively. Secondly, it is shown that due to the presence of y, the cyclonic cell situated to the north
increases in size and engulfs the southern anticyclone which decreases in size. Namely, as the pole is
approached the engulfing cyclone grows whereas the anticyclone shrinks. Ultimately, when the center of
the modon (whose diameter is R) reaches a critical distance from the pole (0.1227 R) the anticyclone
diminishes to merely a point. Modons that are closer than this critical distance to the pole cannot
contain an anticyclone. Far away from the pole our solution reduces to the familiar mid-latitude
B-plane modon as should be the case.

In contrast to these dramatic effects of y on modons, the migration of monopoles (ie., isolated
cyclones or anticyclones) is almost unaffected by y even though y is of the same order of (or larger
than) f. This results from the fact that the y-induced perturbations are symmetrical (with respect to
north and south) whereas those due to § are asymmetrical. It is shown that, as in other eddies, self-
propulsion is primarily caused by asymmetrical perturbations so that disturbances due to y have almost
no influence on the migraticn.
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1. INTRODUCTION

The growing interest in polar oceanography (e.g., SCOR, 1983) requires a closer
look at fundamental processes active in the proximity of the pole. Because so
many mid-latitude processes owe their existence to f, the linear variation of the
Coriolis parameter with latitude which vanishes at the pole, it is useful to examine
what kind of processes could be driven by the quadratic variation (y) which is
dominant near the pole. As a first step to such an examination, two nonlinear
mesoscale processes are examined. The first is the so-called modon and the second
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is the migration of isolated nonlinear monopoles. We shall see that the former is
dramatically affected by y whereas the latter is only slightly modified.

The so-called “modons” were introduced by Stern (1975) as a means of
simplifying the actual behavior of isolated oceanic eddies on a f-plane to a pair of
adjacent vortices of equal strength and opposite sign. The structure of the original
barotropic modon is as follows. The stationary bounding streamline is round; a
cyclone occupies the northern half of the modon and an anticyclone occupies the
southern half. The feature does not migrate on a f-plane because the f-induced
meridional force of each individual vortex (Rossby, 1948) opposes the force of its
counterpart. Qualitatively, this is analogous to saying that the tendency of the
whole structure to drift westward as a Rossby wave is offset by the mutual
advection of the vortices. -

The direct applicability of the modon to the ocean is questionable because of
the lack of observations that could convincingly display the existence of two
adjacent eddies with opposite sign and equal strength. There is no doubt, however,
that much has been learned from the introduction of the modon because of the
various processes that can easily be examined with its aid. Most importantly, the
behavior of monopoles (i.e., cyclones or anticyclones) can be investigated with
methods similar to those used for the modons. It is for these reasons that we shall
begin our y-plane analysis with an examination of modons and then, as a second
step, proceed to examine monopoles.

Before performing this detailed analysis, however, a discussion of the assump-
tions involved in the derivation of the y-plane equations is presented (Section 2).

The reader is cautioned in advance that these equations are not directly relevant
to a sphere; however, they capture some of the dynamics associated with the
Coriolis parameter near the pole.

a) Background For general information about modons on a f-plane the reader
is referred to Stern (1975); McWilliams et al. (1981); McWilliams and Zabusky
(1982); Mied and Lindemann (1982); Flierl et al. (1983); McWilliams (1983); Pierini
(1985) and Carnevale et al. (1988). The migration of monopoles is addressed in
Flierl (1977, 1987); McWilliams and Flierl (1979); Mied and Lindemann (1979);

Nof (1981, 1983); Killworth (1983) and Davey and Killworth (1983).

While all of these studies are informative, the studies that are most closely
related to the problem at hand are those of Verkley (1984, 1987) and Tribbia
(1984), both of whom considered large-scale atmospheric modons using spherical
coordinates. Their general aim was to develop the modon theory for the
atmosphere where the disturbances have a scale comparable to the scale of the
earth so that the S-plane approximation may not be valid. In all three studies, the . = *
fluid outside the modons is not at rest. This is partly intentional and partly
because of the particular boundary conditions that the authors have chosen. Even
though the inviscid theory merely requires matching of the pressure across
separating streamlines, these authors chose to match both the velocity and the
vorticity. Neither of these additional conditions is really necessary in an ideal fluid
and it is not entirely clear from their results whether the uniqueness of the solution
would be lost if those conditions were not used.
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Although using spherical coordinates is certainly more general than using some
sort of plane approximation, many oceanic features have a scale of O (100 km),
much smaller than the radius of the earth, so that a plane approximation may
provide an adequate treatment. In other words, while for the atmosphere the use
of spherical coordinates may be unavoidable due to the large scale of the features
involved, for mesoscale processes in the ocean the use of spherical coordinates may
unnecessarily complicate the analysis. For this reason we make in this paper an
attempt to use a set of equations that may have some relevance to the flow in the
immediate vicinity of the pole.

b) Methods As mentioned, we shall first present the appropriate y-plane
equations (Section 2). Although spherical coordinates and a particular linear polar
approXimation have been used before (LeBlond, 1964; Yang, 1987, 1988), our
present y-plane approximation is new in the sense that nonlinearity is included.

With the aid of this approximation we then derive the associated equations for
the stationary modon (Section 3) and solve them in a similar fashion to Stern’s
mid-latitude case. We then proceed to an examination of the propagating
monopoles. To do this we transfer the nonlinear y-plane equations to a coordinate
system translating steadily along circles of constant latitude (Section 4(a)). Then
the integrating tech-ique used by Nof (1983) and Flierl et al. (1983) is employed
and the monopoles .aigratory relationships are derived (Section 4(b)). The results
are summarized in Section 5.

2. THE y-PLANE APPROXIMATION

The two-dimensional y-plane equations (for purely barotropic hydrostatic flow)
adapted in this study are
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where the origin of our coordinates system is located at the pole, u,v are the
horizontal velocity components in the x and y direction, p the density, P the
pressure, 2Q the Coriolis parameter at the pole (ie., Q is the angular frequency of
the earth’s rotation), and y=Q/a® (here, a is the radius of the earth). The Coriolis
parameter appearing in (2.1)«2.2) was obtained by expanding the more general
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form, 2Qsin ¢ (where ¢ is the latitude), in a Taylor series around the pole (¢ =0)
and keeping terms up to order (L/a)?> (where L is the horizontal length scale). Note
that y~2x 107 ¥ m~2sec™! so that a feature with a length scale of L~300km
corresponds to a y-induced speed (yI?) of a few centimeters per second.

The corresponding Bernoulli integral and vorticity equation are
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f »
where K(y)=dB(y)/dy and f is the local Coriolis parameter. Here  is the
streamfunction defined by

oy oy
=3y v—ax. (2.6)
It is important to note that (2.5) is analogous to that governing the motion near
the center of a rotating (laboratory) tank. In the laboratory case the term
involving (x? + y?) results from the depth that increases quadratically as one moves
away from the center whereas in the y-plane equations the term results from the
Coriolis parameter. This important analogy supports our choice of the y-plane
equations.

As expected, the set (2.1)«2.6) does not involve B because the expression of f is
done around the pole where f=0. The presence of f is recovered, however, when
one moves slightly away from the pole as we shall now show. Since (2.1)+2.6) are
taken to be valid up to a distance of O(L) away from the pole, we may transfer the
equations to a new coordinate system located at (x,,y,) where y,~O(L) and
xo=0. In this new system, the y axis is pointing northward and the x axis is
pointing eastward. The new momentum equations are
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The Coriolis parameter can also be written as
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where f, is the Coriolis parameter at the new origin and, as before, y=Q/a’ so that
B=2Qy,/a*. This form of the Coriolis parameter illustrates how g is recovered
when one moves slightly away from the pole. Note that due to the last
transformation the variable y in (2.7)+2.9) is not identical to y in (2.1)~(2.6); for
simplicity we have not changed our notation.
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The new vorticity equation on the y-plane has the modified form

V3 + fo+ By —y(x*+y) =K®¥), (2.10)

whereas the Bernoulli integral has the same form as (2.4). It is important to note
that in regions up to a distance of O(L) away from the pole, the terms associated
with B (=2Qy,/a?) and y (=Q/a®) are of the same order. When the pole is
approached (ie., y, decreases) the § term becomes smaller and eventually vanishes.
On the other hand, when one moves toward mid-latitude away from the pole f
increases and becomes more and more important until it ultimately dominates the
equations.

Two comments should be made before completing our general discussion of the
y-plane equations. First, it should be stressed that the y-plane equations cannot be
rigorously derived from the spherical equations by expanding the equations in a
Taylor series in powers of (L/a) as done by Verkley (1989) for the nonlinear
shallow water equations on a B-plane. This results from the fact that some of the
curvature terms of O(L/a)? are not negligible even if one chooses the x axis to lie
along a great circle instead of a circle of constant latitude. While this is
unfortunate, adopting the y-plane equations is still desirable because the above
expansions yield equations that are more complicated than the original spherical
equations. Secondly, it is appropriate to comment on the relationship between our
new y-plane equations and the original polar approximation used by LeBlond
(1964). As mentioned, it is the pioneering work of LeBlond that addressed the
(polar) quadratic variation of the Coriolis parameter with latitude for the first
time. The assumptions that were made later by Yang (1987, 1988), who refers to
the y terms as the & terms, are essentially analogous to those of LeBlond (1964).
LeBlond neglected the nonlinear terms a priori and considered the effect of the
terrestrial curvature in all the remaining terms whereas we have retained the
nonlinear terms and neglected the effect of the earth’s sphericity in all terms except
the Coriolis parameter.

3. MODONS ON A y-PLANE

a) The stationarity condition Before deriving the detailed solution for the station-
ary modon, it is appropriate to examine the conditions under which any feature
will be stationary on a y-plane. To do so, one integrates the y-momentum
equation (2.8) over any stationary barotropic feature bounded by a free separating
streamline
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Here, we have used the relationship p=pgn, where n is the free surface vertical
displacement (measured upward from the undisturbed surface) and g is the
gravitational acceleration. By taking into account that #/H~0(1073), the
continuity equation and the definition of ¥, (3.1) can be expressed as
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Equation (3.2) can also be written in the form
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which can be further simplified by using Stokes’ theorem,

Qﬁ [uvdx—v* dy] +§ [(fo—yx*)r + By —yy*Y] dx
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We now define {y to be zero along the bounding streamline and note that (i)
udx=vdy along any streamline, and (ii) #=0 along the edge because the ocean
outside the feature is at rest. Hence, (3.4) reduces to the rather simple form

ﬁjj¢dxdy+2vjj'y¢de{yi0. (3.5) .

The first term corresponds to the familiar stationarity condition on a f-plane
whereas the second is the modification due to y. Note that the latter is
asymmetrical with respect to y implying that a symmetrical modon (i.c., a modon
with a cyclone and an anticyclone with equal strength) can never be stationary on
a y-plane. A modon on a y-plane can be stationary only if it is asymmetrical, i.e.,
one vortex must be stronger than its counterpart.

b) The detailed solution In deriving the solution of the stationary modon we
follow Stern (1975) and begin by choosing an appropriate distribution of vorticity:






