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ABSTRACT

The classical question of what happens when a warm western boundary current, such as the North Brazil
Current (NBC), retrofiects is addressed analytically using a reduced-gravity nonlinear model. The traditional
view is that the northwestward flowing current separates from the wall, turns to the right (looking offshore),
and forms a zonal boundary current that flows eastward. Integration of the steady inviscid momentum equation
along the boundary gives the longshore momentum flux (or flow force) and shows that such a scenario leads to
a paradox. To resolve the paradox the separated current must constantly shed anticyclones, which propagate to
the northwest due to 8 and an interaction with the boundary. This new eddy shedding mechanism, which is not
related to the traditional instability of a zonal jet, may explain why the NBC must produce rings.

A nonlinear analytical solution to the problem is constructed with the aid of a powerful theoretical approach
based on the idea that nonlinear periodic flows can be integrated over a control volume. This method enables
us to extract all the details of the resulting features without solving for the details of the incredibly complicated
three-dimensional and time-dependent generation process. Due to the strong nonlinearity of the problem, the
method is quite different from the familiar averaging technique that requires the existence of a *‘mean’” current.
To employ the above method, however, it was necessary to derive a new nonlinear formula for the B-induced
migration of eddies adjacent to a zonal boundary that slopes in the N-S direction.

It turns out that the general problem involves an eddy retroflection length scale Ry/¢''® (where Ry is the parent
current Rossby radius and ¢ = SR,/ f;) that is greater than that of most eddies (R,). Calculations show that, for
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the retroflected NBC, which transports about 45 Sv, eddies are shed approximately once every 90 days.

1. Introduction

The question of how and why retroflection eddies are
generated is important for our understanding of the trans-
fer of mass, salt, and heat. Traditionally, eddy formation
processes have been associated with classical instabilities
of zonal currents and fronts.! Such zonal instabilities gen-
erate meanders that grow, close upon themselves, and
then pinch off. Although this is probably the correct for-
mation mechanism for many eddies and rings in the ocean
(e.g., Gulf Stream and Kuroshio rings), retroflection ed-
dies are always generated in the same location, suggesting
some other, geographically controlled, formation mech-
anism. This suggestion is supported by the observations

! Note that by *‘instability’” we mean here the instability of a zonal
jet such as the separated Guif Stream: we do not refer to all time-
dependent processes as ‘‘instabilities."”
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that retroflection rings are typically larger than rings pro-
duced by classical instability of zonal currents (e.g., see
Richardson et al. 1994).

This paper focuses on a new eddy generation process
that is associated with such a geographical control and
a larger length scale. Specifically, we focus on western
boundary currents, such as the North Brazil Current
(NBC), which turn backward away from their original
direction due to a separation from the wall. We shall
see that a retroflection of this kind leads to a paradox
because it produces an unbalanced flow force. This
force can only be compensated for by shedding eddies
in the currents’ original direction. The present article
has two goals. The first is to explain why NBC rings
are formed and the second is to propose an explanation
for their relatively small migration rate.

a. Observational background

The suggestion that the western tropical Atlantic is
important to the meridional heat flux comes from the
observation that at subtropical latitudes western bound-
ary currents represent an important component of the
global heat budget (Bryden and Hall 1980). Observa-
tions imply that, at the surface, the summer and fall
circulation in the western tropical Atlantic is dominated
by the retroflection of the NBC, which carries up to 50
Sv (Sv = 10° m®s™!) of surface water to the east
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(Brown et al. 1992). The water immediately below the
thermocline also retroflects (Metcalf and Stalcup 1967)
but, evidently, this occurs at a different latitude. During
other periods of the year (i.e., winter and spring) the
NBC does not retroflect.

The observations of Johns et al. (1990), Didden and
Schott (1993), Richardson et al. (1994), and Fratan-
toni et al. (1995) all suggest that the NBC retroflection
sheds two or three eddies per year. Through the eddy
migration, about 3—4 Sv [20% of the total upper-ocean
cross-gyre transport required by Atlantic thermohaline
overturning (Rintoul 1991)] is annually transported to
the North Atlantic. As is the case with most rings re-
sulting from retrofiecting currents, NBC rings are larger
than rings such as Gulf Stream or Kuroshio rings. They
have a diameter of roughly 400—600 km and a depth
of 400—600 m; they migrate at a rate of 10—12 cm s ™'
along the coast (Fig. 1). As mentioned, the large size
of these rings and that the rings are always formed at
the same location suggest that, in contrast to many
rings, they are probably not formed by an instability
process. Instead, their generation is probably a result
of the particular structure of the current, which loops
and curves back on itself. For other issues related to
these rings the reader is referred to Bruce and Kerling
(1984), Bruce (1984), Bruce et al. (1985), and Coch-
rane et al. (1979).

b. Theoretical background

The dynamics of the western tropical Atlantic and
the NBC retroflection region were examined analyti-
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cally by Csanady (1985, 1990) and Condie (1991) us-
ing steady inertial models. Although a portion of the
NBC water leaks to the north along the coast in some
of these models, the leakage is steady and, as such, it
does not explain how and why NBC rings are gener-
ated. Also, both the high-resolution numerical models
used by Philander and Pacanowski (1986) (i.e., the
GFDL Tropical Atlantic Model) and the NCAR Com-
munity Model (Holland and Bryan 1987; Schott and
Boning 1991) do not produce NBC rings (Fratantoni
et al. 1995; Johns et al. 1990; Didden and Schott 1993).
In contrast, a modification of the Navy Ocean Model
[originally developed for the Gulf of Mexico by Hurl-
burt and Thompson (1980)] does exhibit NBC rings
(Fratantoni et al. 1995). Why this is so is not clear. Ou
and De Ruijter (1986) suggest that Agulhas retroflec-
tion rings are produced due to curvature constraints.
Although their model is useful and may shed some light
on the separation process, it does not provide infor-
mation regarding the eddies’ generation frequency.

c. Present approach

We shall model the eddy generation process as fol-
lows. First, we shall consider a northwestward flowing
boundary current (with density p) embedded in an in-
finitely deep lower layer [with a density (p + Ap)]. It
is assumed that the current turns eastward (Fig. 2a)
after separating from the wall. The cause of the sepa-
ration is a vanishing wind stress curl over the ocean
interior. We shall show in section 2 that, even though
the above scenario of a steady current that turns back
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FIG. 1. Schematic diagram showing the formation of a North Brazil Current (NBC) retroflection
eddy based on images shown by Johns et al. (1990). Three to four times each year starting in July
the NBC retroflection advances northwestward along the boundary to about 9°~10°N forming a
current loop. The sides of the loop come together, and the current loop pinches off from the main
current to form a discrete eddy. As the eddy separates, the retroflection forms farther south near
5°—6°N. Retroflection eddies are about 400 km in overall diameter and drift northwestward at
about 10—-12 cm s~'. Adapted from Richardson et al. (1994).
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on itself seems reasonable, it cannot exist. This is so
because the westward flow force associated with the
water entering and leaving the box (bounded by the
dashed line shown in Fig. 2a) cannot be balanced.

A similar paradox exists in the case of a channel
emptying into an otherwise stagnant ocean and was re-
ferred to by Pichevin and Nof (1996a, hereafter PNa)

s ‘‘the momentum imbalance paradox.’’ It also exists
in the case of a flow around a cape (Pichevin and Nof
1996b, hereafter PNb). A resolution of the paradox
requires the generation of eddies that would leave the
box on the left-hand side (looking northward). Under
such conditions, the eddies compensate for the flow-
force exerted on the box by the flow on the right-hand
side. This is shown in section 3 using a computational
method [used earlier by PNa,b] that involves analyti-
cal integration of periodic flows over the box (Fig. 2a).

A perturbation scheme in a small parameter repre-
senting the ratio between the eddy drift speed and the
current speed is then applied to simplify the resulting
algebraic equations (sections 4 and 5). There is some
(unavoidable) overlap between the theoretical devel-
opment of the present paper and that presented in
PNa,b because an attempt has been made to make the
present paper self-contained. The application is dis-
cussed in detail in sections 4 and 5, where it is shown
that § alone (i.e., no bottom topography) would pro-
duce NBC rings at a frequency that is considerably
greater than the observed frequency (a few NBC rings
ayear). As mentioned, this is because £ alone produces
a migration rate considerably higher than the observed
rate. The presence of bottom topography or an eastward
advection, however, reduces the generation frequency
to an acceptable level. We believe that the presence of
bottom topography is essential and derive a new for-
mula for the propagation of eddies adjacent to zonal
walls with sloping bottom (section 6). Our formula
illustrates that, in the case of the NBC, the sloping to-
pography reduces the westward propagation rate and
therefore the generation frequency.

The article is organized as follows. The details of the
new eddy generation process are described in section
2 where the problem is formulated. The mathematical
technique is described in sections 3 and 4, and the so-
lution for zero and uniform potential vorticity flows is
. given in section 5. The effects of topography are ana-
lyzed in section 6. The conclusions are given in sec-
tion 7.

2. Formulation
This section describes the physics of the problem and
the mathematical approach.

a. The paradox

We suggest that NBC rings are generated by a new
and intriguing process that is a result of the momentum
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imbalance paradox discussed by PNa,b. The principle
of this imbalance as it applies to the NBC is best illus-
trated as follows.

Consider a northwestward boundary current carrying
relatively light water (with density p) retroflecting into
an otherwise stagnant ocean (with density p + Ap) and
flowing eastward (Fig. 2a). The cause of the retroflec-
tion is not important for our analysis, but one may con-
sider it to be a result of vanishing wind stress over the
interior. If one (temporarily ) assumes that a steady state
is reached, then one can integrate the steady nonlinear x
momentum equation over the region (§) bounded by the
dashed line ABCDEFG shown in Fig. 2a,

ff [hu~+hvg—-fvh+g'h?]dxdy—o

(2.1)

where, due to the tilt of our coordinate system f = f;
+ B(y cosy — x siny), h is the thickness of the light
water, S is the integration area, and the remaining no-
tation is conventional. (Note that, for convenience, the
variables are defined both in the text and the appendix.)

Using the continuity equation and a streamfunction
¢ (defined by O¢/Ox = vh; OY/dy = —uh), (2.1) can
also be written as

ff [g;(hbﬂ)+%(huv)]dxdy—fff%f-dxdy
§ S
%ffaé—}j)dxdy=o. (2.1a)
N

We shall now assume that the angle vy is small so that
cosy ~ 1 and siny ~ 0 (Fig. 2b) implying that
A(fyY)/dx = foy/dx. It will become clear later that,

F1G. 2a. Schematic diagram of the retroflected NBC. The cause of
the retroflection is not important for the present study, but one may
assume that it results from a vanishing wind stress curl over the in-
terior. The dashed line shows the boundary of the integration area; y
is the tilt of the coastline; H is the undisturbed depth away from the
wall where the velocity vanishes.



NOVEMBER 1996

o~ A AN
Fp=m===i-== '“"'“""“;E
Y
, T
B L
H R

G B c x

F1G. 2b. The approximated retroflection. Here, the tilt of the coast-
line shown in Fig. 2a is taken to be small and negligible (i.e., y = 0).
Consequently, the approaching and retroflecting currents are parallel
to each other. It will become clear later that this small tilt approxi-
mation is consistent with our perturbation expansion as long as y
< (BR,fo)". Tt is shown in the text that if the retroflection were
steady, then integration of the x momentum equation over the region
bounded by the dashed line would give a relationship that cannot be
satisfied. This implies that, under such conditions, the flow force
exerted by the currents in the direction parallel to the wall is not
balanced. The only way that it can be balanced is by generating eddies
that will propagate in the negative x direction due to £.

to the order of our approximation, this requires that y
< (BR4/f;) "¢, where R, is the Rossby radius. For our
problem, SR,/f; ~ 0.2 so that the coastline tilt of the
South American continent (~30°, see Fig. 1) can in-
deed be neglected (when vy is not small, there is an
additional force that cannot be computed with our tech-
nique). With the aid of the Stokes theorem [i.e.,

ff(aMlax + ON/3y)dxdy = ¢ Ndx — ¢Mdy,

N
where the arrowed circles represent counterclockwise
integration], (2.1a) can now be simplified

huvdx —

BCDEFGB BCDEFGB

X (hu® + g'h?/2 — fy)dy = 0,

where BCDEFGB is the boundary of S.

Defining ¢4 = 0 where 7 = 0, and noting that v = 0
on the solid boundary, one finds that (2.1b) can also
be written as

(2.1b)

D
f [hu® + g'h*/2 — fipldy = 0. (2.2)
c
Noting further that since the flow is geostrophic in CD
(so that fiu = —g'hy, which, upon multiplication by h
and integration in y from a point within the current to
its edge, gives fiy = g'h*/2 — ﬁff dy), relation (2.2)
reduces to the simple relationship,

J:huzdy+ﬂjz (J;Ld/dy>dy =,

where L is the combined width of the approaching and
retroflecting current.

(2.3)
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The curious result is that condition (2.3) cannot be
satisfied because y and ¢ are always positive along CD
and the integration is done from small to large y. For
most boundary currents [i.e., U ~ O(g’H)'*; L
~ O(g'H)"*/f], the second term [ O (BL/ f,)] is much
smaller than the first term [ ~O(1)]. The impossibility
of satisfying (2.3) implies that there cannot be a steady
state of the kind originally assumed because the inte-
grated momentum {i.e., momentum flux or flow-force)
imparted (by the fluid entering and exiting through
CD) on the control volume (bounded by BCDEFG)
cannot be balanced. The only way that the retroflected
flow field can balance this momentum flux is by some-
how creating a flow in the opposite sense (i.e., the neg-
ative x direction). However, a light westward current
with a finite cross section is impossible without a wall
on the north side against which it can lean. As we shall
see, this means that the balance can only be achieved
via the generation of anticyclonic eddies, which prop-
agate to the left due to S8 (Fig. 3). The computation of
this situation is discussed in the following sections.

For clarity, it will be first assumed that the zonal wall
is vertical so that bottom topography plays no role in
the eddy migration. After presenting the result for this
case we shall analyze the more realistic case where bot-
tom topography is important (section 6).

b. The unsteady integrated momentum theorem for a
current adjacent to a vertical wall (i.e., no bottom

topography )

As mentioned, to solve for the size, number, and
periodicity of the generated eddies we shail apply the
integrated momentum theorem for periodic flows de-
veloped by PNa,b. This general equation will enable
us to circumvent the time-dependent generation pro-
cess itself. That is, this technique will give us all the

, retroftecting
current

" | approaching L
current
—

X

FIG. 3. The resolution of the retroflection paradox. Because of the
imbalance shown in Fig. 2, anticyclonic eddies must be generated on
the left-hand side (looking offshore). Through the § effect these ed-
dies are forced to propagate to the left. Under such conditions the
flow force exerted by the retroflected flow on the right is now bal-
anced by the force corresponding to the eddies’ transport to the left.
We shall see that, even though the mass transport of the eddies is
small compared to the transport of the approaching and retroflecting
currents, the flow force of the drifting eddies is comparable to that
of the currents. The ‘‘wiggly’” arrow denotes migration and should
be distinguished from solid arrows that denote flow direction. L is
the combined width of the (known) approaching current and the (un-
known) retroflecting current.
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information that we need regarding the eddies exiting
the domain and the outcome of the generation process
without giving us information about the detailed for-
mation process itself. [ The reader who is not interested
in the mathematical presentation and development
which, because of space constraints, can be at times
difficult to follow, can go directly to Eq. (2.9), which
is our desired relationship.]

To derive the desired equation we begin with an in-
tegration of the time-dependent x momentum equation
(multiplied by &) once in time,

f h—dt+J. hu———dt—l—f hv—dt

f hfvdt = f g —(h 12)dt, (24)

where T is the period of eddy generation and, since we
took vy to be small, f = f, + By.

Leaving (2.4) aside for a moment, we note that mul-
tiplication of the continuity equation by « and integra-
tion in time over one period gives

f u—dt+f u— (hu)dt+f u—a—(hv)dz=
0 Oy

0
Adding this equation to (2.4) gives
"o J'T 0
— (hu?)dt + | — (huv)d
foax(u) an(uv)t
T T
g
N f
J:)hfvt+ .2 o

because

(h ydt = 0, (2.4a)

To

(i.e., the system always returns to its original structure
after one generation period). We now integrate (2.4a)
over S (Fig. 3). Since the domain S is fixed, we can
exchange the order of integration with respect to time
and space. One finds

J-Or f!%(huz)dxdydt + f: f!%(kuv)%ixdyd;
- fo ' f f h fudxdydt
s
+—f ” ( >dxdydt—0. (2.5)

Next, we define a time-integrated streamfunction ¥ (to
be distinguished from the steady streamfunction ¥,
which is defined in the usual manner),
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N T
— f hudt
(4]
. T
f hudt
0

This definition stems from an integration of the conti-
nuity equation in time (from zero to T'), noting again
that 2(T) = h(0) and changing the order of integration

so that
T T
—8- f hudt +i f hdt) =0.  (2.7)
Ox 0 ay 0

The streamfunction and Stokes theorem (and that
along the zonal boundary at least one of the three vari-
ables &, u, and v is always zero) enable us to express
(2.5) as

f:? hu*dydt — ?f&dy

gr T
+ & (f) f h2dydt =0, (2.8)
2 s~ Jo

where the arrowed circle denotes counterclockwise
integration and ¢ is the boundary of the integration
area S.

Assuming that the flow away from the eddy gener-
ation region across CD (Fig. 3) is steady, (2.8) can
also be written as

&
b
Il

(2.6)

<
x
Il

T (F F
ff(huug'm/z)dydt—ff&dy
0 vYG G

D
= Tf (hu® — fip + g'h?*/2)dy,
C

(2.9)

where, as before, ¢ is the steady streamfunction defined
in the usual manner.

Equation (2.9) is our desired flow-force balance. In
an analogy to a rocket and a spinning sprinkler, the
right-hand side corresponds to the flow force exerted
on the domain by the water entering and exiting on the
right. It is the flow force (or integrated momentum) that
we argued is not balanced unless eddies are shed on
the left. The term on the left-hand side of (2.9) corre-
sponds to the flow force exerted by the eddies moving
to the left out of the domain. In this context, it is im-
portant to point out that the role of 8 in our problem is
to arrest the growth of the eddies and remove them
from the generation area. It is a simple matter to com-
pute the contribution of the steady current on the right
to (2.9) but computation of eddies contribution (which
is time dependent) is not so trivial. It is, therefore, dis-
cussed in detail in the next section.






