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ABSTRACT

The migration of nonlinear frontal jets is examined using an inviscid “reduced gravity” model. Two cases
are considered in detail. The first involves the drift of deep jets situated above a sloping bottom, and the second
addresses the zonal 8-induced migration of meridional jets in the upper ocean. Both kinds of jets are shallower
on their left-hand side looking downstream (in the Northern Hemisphere). For the first case, exact nonlinear
analytical solutions are derived, and for the second, two different methods are used to calculate the approximate
migration speed.

It is found that deep oceanic jets migrate along isobaths (with the shallow ocean on their right-hand side) at
a speed of g'S/ f, (where g’ is the reduced gravity, .S the slope of the bottom, and f, the Coriolis parameter).
This speed is universal in the sense that all jets migrate at the same rate regardless of their details. By contrast,
upper-ocean meridional jets on a 8 plane drift westward at a speed that depends on their structure. Specifically,
it is shown that this drift is the average of the two long planetary wave speeds on either side of the front: namely,
C = —B(R% + R%)/2, where Ry, (R,.) is the deformation radius based on the undisturbed depth east (west)
of the jet; for frontal jets the above formula gives half the long Rossby wave speed.

Both kinds of drift occur even if the jets in question are slanted; that is, it is not necessary that the deep jets
be directly oriented uphill (or downhill) or that the upper-ocean jets be oriented in the north-south direction.
For the drifts to exist, it is sufficient that the deep jets have an uphill (or downhill} component and that the 8-
plane jets have a north-south component. Possible application of this theory to the jet observed during the
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Local Dynamic Experiment, which has been observed to drift westward, is discussed.

1. Introduction

The question of what happens to meridional mid-
ocean jets on a 3 plane or deep jets situated over a
sloping bottom is important because of its direct rel-
evance to jets in the open ocean. One example of such
flows is the midocean jet discovered during the Local
Dynamic Experiment (Shen et al. 1986). This jet was
observed to have a relatively short cross-front length
scale (50-100 km) and an alongfront length scale of
at least 400 km. It was a surface intensified feature,
with flows at 200 m in excess of 30 cm s~! and cross-
front isopycnal depth changes of ~200 m. Last, the
jet appeared to be associated with a considerable mass
transport. These aspects of the Local Dynamics Ex-
periment (LDE) jet suggest that it is an important fea-
ture of the North Atlantic circulation.

Past theoretical models of the LDE jet, and of mid-
ocean jets in general, have examined possible reasons
for their existence, but have confined their analysis to
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time-independent fixed processes (Dewar 1991; Dewar
and Marshall 1993). An observed feature of the LDE
Jjet, however, was its tendency to move west at a rate
of a few centimeters per second and the reasons for
such migration have received only limited study. The
objective of this paper, therefore, is to examine prop-
agating front models that can, hopefully, be applied to
the LDE observations.

Background

It has been recognized for many years that upper-
ocean features with closed circulation cells (i.e., Rossby
waves or eddies) propagate to the west on a 3 plane
and that similar deep patterns migrate along isobaths.
However, it is not a priori obvious what would be the
case with one-dimensional meridional flows because
the common qualitative explanations for the westward
drift of Rossby waves (e.g., Gill 1982) and eddies (e.g.,
Nof 1983a) do not apply. This is so because both of
these explanations rely on the presence of zonal flows
that are not necessarily present in meridional jets.

A partial answer to the question of the behavior of
meridional S-plane fronts was obtained in a study of
planetary shock waves in Dewar (1987). There it was
argued (using a two-layer model) that steepening,
driven by the nonlinearity in the continuity equation
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in the presence of 8, produced westward migration of
the front. These same planetary shock wave dynamics
accounted for front generation in the steady arrested
fronts model described by Dewar (1991). Although
useful, the above is limited in that the flow was every-
where restricted to being geostrophic, even in the main
body of the jet. A ramification of pure geostrophy,
however, is that the well-known Sverdrup constraint
governs net transport, so that the strong upper-layer
jet flows are accompanied by reverse deep flows that
very nearly cancel the total volume flux. In contrast,
the LDE jet observations suggest that the jet flows were
surface intensified, but in the same southwesterly di-
rection throughout the water column. Furthermore,
transport estimates suggested that the jet was moving
40 Sv of the fluid to the southwest, which is greatly out
of accord with Sverdrup dynamics.

In view of this, it is of interest to examine a broader
class of midocean jets than has previously been con-
sidered and to determine how they respond to the pres-
ence of 8. To do so, we shall look at two inviscid jets—
a heavy deep f-plane jet situated over a sloping bottom
and a light upper-ocean jet on a 8 plane. The deep jet
is examined first (section 2 ) because its analysis is con-
siderably simpler than that of the upper jet. By ex-
amining the flow in a coordinate system traveling with
the jet at its own migration speed, an exact analytical
solution is derived. It shows that the migration is caused
by the gravitational force that forces the jet downbhill.
This force is, in turn, balanced by a Coriolis force that
corresponds to an along-isobath drift.

With the aid of this exact solution for the deep-ocean
jet, we shall then examine upper-ocean jets (section
3). Here, it is impossible to derive an exact analytical
solution. However, by integrating the y-momentum
equation and using a perturbation in ¢, the ratio of the
variation of the Coriolis parameter across a segment
of the jet to the Coriolis parameter at the center, it is
possible to derive an approximate solution for a me-
ridional jet with vanishing thickness on one side. It is
also possible to obtain an approximation to the front
drift speed in the more general cases of (i) differing,
but not necessarily vanishing, thicknesses on each side
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of the front and (ii) nonmeridional fronts. After pre-
senting these analytical solutions, we present a possible
application of the model to the jet observed during the
LDE (section 4). The results are discussed and sum-
marized in section 5.

2. Deep jets over a sloping bottom
a. Formulation

As an idealized formulation of the problem, consider
the jet shown in Fig. 1. The cold homogeneous jet has
a density (p + Ap), depth 4(x, y), and horizontal ve-
locity components u = u(Xx, y) and v = v(x, y). The
infinitely thick fluid above has a density (p) and is
taken to be at rest.

When there is no slope to the bottom (S = 0), the
jet is obviously stationary (C, = 0) and has the familiar
structure:

u= O]

V= (ng)l/Ze—x/Rd’
u= 0]
(2.1b)

h=H(1 —e™*)

where the jets’ potential vorticity [dv/dx + fu1/h. is
uniform (fy/H), H is the undisturbed depth at infinity,
Ry, the deformation radius, equals (g'H)'/?/ fo, g’ is
the “reduced gravity,” (Ap/p)g, and fy is the (uniform)
Coriolis parameter. The above relationships describe
a jet that is in a geostrophic balance in the x direction
(i.e., fov = g'dh/dx) and does not vary in y (i.e., 3/3y
=0).

With the aid of this information, we shall now ex-
amine the more general problem of a jet over a sloping
bottom (i.e., S # 0). To do so, we shall consider a
coordinate system traveling with the jet at its yet un-
known migration speed C,. The origin of the coordi-
nate system is located along the front (A = 0), the x
axis is directed at 90° to the left of the downhill direc-

uphill jet (i.e.,
Jjet occupying the
area x = 0)

(2.1a)
downhill jet (i.e.,

jet occupying the
area x < 0),

D= __(ng)l/Zex/Rd’

H(1 — %)

FIG. la. Three-dimensional view of the reduced-gravity deep-ocean jet under study. The “wavy_”
arrow indicates migration and straight arrows correspond to actual flows. The bottom slope is

defined by S = tanvy.
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FIG. 1b. Schematic diagram of the reduced-gravity deep-ocean jet under study. Thick arrows
denote flow direction and “wavy” arrows denote migration; dashed lines denote isobaths. The
bottom slope corresponds to AH — Sy. The jet is flowing either uphill (left panel) or downhill
(right panel) and migrates along the isobaths (i.e., in a direction perpendicular to the flow direction).

tion, the y axis is pointed uphill, and, as before, the
system rotates uniformly with an angular velocity f,/
2 about the vertical axis.

It is assumed that the translation is steady and that
the shape of the jet does not change in time so that in
our moving coordinate system the motion appears to
be steady. The assumption of permanent form and
structure is plausible, but it is not a priori obvious under
what conditions it is valid and adequate. It will be
demonstrated later, however, that the drift does not
affect the structure of the jet in any way so that the
shape is indeed permanent, and the assumption is ad-
equate for all topographically induced drifts.

The relevant governing equations for the moving
coordinate system (x, y) are obtained by applying the
transformations X = x + C,t and § — y to the familiar
equations in the fixed system (X, ). For the conditions
mentioned above, the transformed equations are

u u 1P
u—+v——foo=—-——
p OX

2.
ax ay (2.2)

av 0 1 6P
— —+ +C)=——-— 2.3
uax+vay Jo(u+ Cy) b3y (2.3)

a d

ax(hu) + 3 (hv) =0, (2.4)
where P is the deviation of the hydrostatic pressure
from the hydrostatic pressure associated with a state
of rest (i.e., a “no jet” state), and fC, is an apparent
Coriolis force resulting from the fact that our coordi-
nate system is moving.

Under these conditions, P can be expressed as

P=glAp[h(x,y)+ Sy —z], (2.5)

where S is the slope of the bottom. Substitution of
(2.5) into (2.2) and (2.3) gives the modified equations,

ou ou doh
— 4 — - =—g — 2.6
“as ”ay Jov i (2.6)
o ov oh
u—+tv—+folut+t Co+g'S/fo)=—-¢—, (27)
ox ay dy
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which are subject to the boundary conditions,

h=0; Y(x,y)=0 (2.8a)
v—=>0; x— too, (2.8b)
where ¢, the transport function, is defined by
oy o
— =vh, — = —uh. 2.
o P uh (2.9)

Condition (2.8a) states that the jet is bounded by a
front (2 = 0) whose structure and shape are not known
in advance but rather must be found as a part of the
problem. Condition (2.8b) reflects the fact that the jet’s
speed decays away from the front; the plus and minus
signs correspond to uphill and downhill jets, respec-
tively. ’

b. Solution

Examination of (2.6)-(2.7) reveals that if C, is set
to be equal to —g'S/fy then the governing shallow-
water equations reduce to the same form that they
would have in the absence of any slope. This implies,
of course, that they admit the exact jet solution dis-
cussed earlier in (2.1). Hence, the exact solution for
our drifting jet is

Ce=—2'SIfo]|

uphill jet (i.e.,

v =(g'H)'2e /R4, =0 o0 >x=0;
—w<y<ow)
h=H(l— e™>/Rdy
(2.10a)
or
Cx = —g,S/f
- g downhill jet (i.e.,
v=—(g'H)2ex/Rd; y=0p 0 <XS< 0;

- <y<ow),

=
il

H( 1 — ex/Rd)
(2.10b)

where 1, v are now the speeds as viewed from the mov-
ing coordinate system.

At this point, the reader may wonder how particles
can move uphill (downhill) without losing (gaining)
energy. This apparent conflict is resolved by examining
the Bernoulli integral in the moving system,

S+ v2) + gh+ g Sy + foeCoy = B(Y). (2.11b)

In this form, the Bernoulli incorporates both the slope
and the drift; since C, = —g'S/ fo, the last two terms
drop out and we recover the usual Bernoulli implying
that the uphill (downhill) motions are offset by the
general drift. This results from the fact that the gravi-
tational force, g’S, is balanced by the Coriolis force
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associated with the drift, f,C,, so that particles are free
to move up and down the slope without losing or gain-
ing energy. Note also that our solution requires, of
course, that at infinity the fluid will actually be moving
at the same rate that the front migrates. In contrast to
the meridional upper-ocean jet that will be later de-
scribed in section 3, the present bottom jet does not
vary in the y direction. Here, the exact solution illus-
trates that, although the slope causes a drift, it has no
influence on the jet’s structure.

It is important to point out that our jet’s general
drift is identical to the migration speed at which isolated
cold eddies drift (Nof 1983b; Mory 1985; Mory et al.
1987). This universal speed, sometimes referred to as
the Nof speed (e.g., Swaters and Flierl 1991), corre-
sponds to an identical balance of forces (gravitational
and Coriolis) and, hence, it is not surprising that the
speeds are also identical.

¢. Slanted jets

We shall now show that the above solution for the
drift (2.10) is also applicable to jets whose orientation
does not coincide with the downhill direction (Fig. 2).
For such jets the governing shallow-water equations
(2.6)-(2.7) are rewritten in the form,

] . 2' S cosa oh

._._..+ —_— - A — g —

“ax TV f"(” AR ) 9%
(2.12)

_0b  _ab N £2'S sina oh

—+D—+ +Crt——|=—g —,

“ox Vo f"(“ A ) & oy
(2.13)

shallow

TOP VIEW

FI1G. 2. The same as Fig. 1 but for a slanted jet, that is, instead of
flowing directly uphill or downbhill, the jet is now flowing at an angle
« (measured from a line parallel to the isobaths to the front), which
is smaller than /2. Cz and C; are the drifts in the X and j directions
of the new tilted (and moving) coordinate system.
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FIG. 3a. A three-dimensional view of a reduced-gravity upper-ocean jet on a 3 plane.

where the tildes represent the new coordinate system;
that is, @ and ¥ are the velocity components in the
slanted (and traveling) coordinate system (Fig. 2).
Note that for « = 7 /2, (2.12) and (2.13) reduce to
(2.6) and (2.7) as should, of course, be the case.

By setting C; = —(g'S/ fo) cosa and Cz = —(g'S/
fo) sina [which corresponds to C = —(C3 + C%)!/?
= —g'S/fo] we again recover the usual shallow-water
equations on a flat bottom. This indicates that, as in
the a = /2 case (i.e., uphill jet), the jet is not affected
by the drift so that its structure and form are identical
to that described by (2.1). In view of this, we conclude
that all deep jets, regardless of their orientation, migrate
“westward” (i.e., with shallow water to the right) at
the universal speed g'S/ 1.

3. Upper-ocean jets

With the aid of the exact solution for the cold deep
jets over a sloping bottom, we shall now discuss upper-
ocean jets on a (8 plane. Before doing so it is appropriate
to point out that, for the case under discussion, the
analogy between a sloping bottom and 8 is only qual-
itative in nature (i.e., the direction of propagation for
an eddy on a 8 plane and an eddy on a sloping bottom
is expected to be identical but the specific values of the
drifts are expected to be quite different). This is so
because the classical quantitative analogy is due to
conservation of potential vorticity associated with
stretched columns of fluid, which change their depth
as the fluid moves across the slope. In contrast, the
depth of our deep oceanic jets is not directly affected
by the slope. That is to say, the only effect of the slope
is to introduce a gravitational component to the gov-
erning equations so that the classical analogy does not
apply in a quantitative manner.

We present two different approaches to the analysis
of front drift. The first assumes the presence of an es-
sentially meridional jet. This assumption is not nec-
essary for the second approach; however, less detailed
information about the jet structure emerges from the
second approach than the first.

a. First formulation

Consider the northward flowing frontal jet shown in
Fig. 3. As before, we begin by looking at the governing
equations in a moving coordinate system assuming
that, in such a system, the jet appears to be steady,

du

du oh
— v —— =—-g— (3.1
Crwis vay (Jot+By)v=-¢g Ix (3.1)

TOP VIEW

(Ap +p)

CROSS-SECTION

FI1G. 3b. Schematic diagram of the upper-ocean jet under study.
The jet is oriented mainly in the north-south direction and can be
flowing either northward or southward (not shown). Namely, due
to B, it varies slowly with y but rapidly with x so that the deviations
of the front from a pure meridional orientation are ~ R,.






