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ABSTRACT

The nonlinear leakage of Kuroshio water (via the Tsushima Strait) into the Sea of Japan is examined using
a “reduced gravity” analytical model. The flow in our conceptual model results from the zonal sea level difference
between the Pacific Ocean and the Sea of Japan. The landmasses separating the Pacific from the adjacent Sea
of Japan are represented by thin walls and the Tsushima Strait, whose width is larger than the Rossby radius,
is represented by a gap. The gap is initially closed and the problem is treated as an adjustment process resulting
from an abrupt opening of the gap.

Steady analytical solutions for the final state associated with the adjustment are constructed using the integrated
momentum equation on a 3 plane, conservation of energy, and potential vorticity. Also, a perturbation expansion
in € = BL/fo (the ratio of the change in the Coriolis parameter, as one moves from the gap to the boundary
current separation latitude, to the Coriolis parameter at the center of the gap) is used.

It is found that the leakage associated with the Kuroshio’s penetration is only a function of the latitude of
the gap, the separation latitude of the Kuroshio, and the stratification in the Pacific (i.e.,the undisturbed depth
of the Pacific upper layer, H, and the “reduced gravity,” gAp/p). As other studies for flows through broad gaps
have demonstrated, the transport is controlled by the geostrophic flows upstream and downstream. However,
in addition to the so-called “geostrophic control,” the flow is also controlled by 8 and, therefore, we term it
“beta control.” Specifically, the penetration flux is given by
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which for values typical for the Kuroshio and the latitude of the Tsushima Strait, gives 3-4 (X10° m?s™).
This computed flux is much greater than the linear transport,
g: H2 ( g£ )2
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In addition, it is approximately equal to the observed transport; the location of the observed penetrated current
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(immediately to the west of Japan) also agrees with the theoretical aspect.

1. Introduction

The communication between oceans and marginal
seas is important because of the associated interaction
of waters with different properties. This has been rec-
ognized for some time and, consequently, the last two
decades have seen a relatively large number of both
observational and theoretical investigations of flows
through straits and passages. The interested reader is
referred to the most recent issue of the NATO advanced
science series (edited by Pratt 1990) where many of
these investigations are mentioned and reviewed. By
and large, the theoretical investigations consider straits
to be entities on their own, that is, channels connecting
two otherwise passive basins. While these studies are
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informative, it appears that the leakage through, at least
some, straits depends on the circulation in the adjacent
ocean.

For instance, the question of what happens to a
western boundary current that runs along the coast
and suddenly encounters a gap in the wall is applicable
to a number of oceans. In particular, it appears that
the leakage of the Kuroshio into the Sea of Japan cor-
responds to such a situation (Fig. 1). The Kuroshio
runs northward along the western boundary and prior
to its separation latitude encounters the Tsushima Strait
on its left-hand side (looking downstream). As a result,
a portion of the Kuroshio transport is lost to the Sea
of Japan and the question is what controls the amount
of water that leaks out. To answer this, we shall consider
an inviscid inertial boundary current on a 8 plane that
runs along a meridional boundary which contains a
gap (Fig. 2). The gap is initially closed with an imag-
inary gate; after the removal of the gate and a brief
period of adjustment some water will leak out; we wish
to compute this leaked transport as well as the other
changes that will occur in the flow.
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FIG. 1. The average flow pattern in the vicinity of Japan (adapted from Sugimoto 1990).
Note that the Kuroshio separates from the coast at about 37°N.

The idea behind our inviscid modeling effort is that
the main cause of the flow into the Sea of Japan is the
zonal sea level difference between the Pacific and the
Sea of Japan which is due to the interbasin lower-layer
communication. In this sense our approach is different
from that of previous modeling efforts which have
considered the Tsushima Strait to be a frictional chan-
nel (e.g., Minato and Kimura 1980). These earlier
studies have not only assumed that the flows in the
channels are viscous but also that the entire flow in the
Sea of Japan was frictionally dominated (Minato and
Kimura 1980; Sekine 1986, 1988). Hence, in these
models a meridional sea level difference between the
inflow and outflow of the Sea of Japan rather than a
zonal difference is responsible for the penetration of
Kuroshio water into the Sea of Japan. Our choice of
an inviscid model is based on the contention that, al-
though frictional effects are no doubt important, me-
soscale processes of the kind in question are usually
dominated by inertial and nonlinear effects rather than
viscosity. Of course, the actual ocean probably behaves
in a manner that is somewhere in between these two
very different approaches.

Consider then the following situation as an idealized
formulation of the problem (Fig. 2). Two unbounded
basins are separated by an infinitely long wall which
contains a gap whose width, 2w, is of the order of the
Rossby radius, R,. The two parts of the wall represent
the landmasses separating the western Pacific from the

Sea of Japan. The wall on the north side represents
Japan and the wall on the south represents the bound-
ary south of Japan (see Fig. 1). The eastern (Pacific)
basin contains two layers [a shallow upper layer whose
density is p and an infinitely deep lower layer whose
density is (p + Ap) where Ap/p < 1] whereas the west-
ern basin (Sea of Japan) initially contains only one
layer. There is a northward-flowing boundary current
in the upper layer of the Pacific so that the depth along
the wall decreases as one moves northward. The gap
connecting the two basins is initially blocked by a gate
which extends from the free surface to the interface.
The lower layer in both basins is assumed to be in
equilibrium, that is, the sea level difference between
the two basins is such that there are no pressure gra-
dients in the lower layer and consequently there is no
flow in the lower layer even though it is not blocked.

At say, ¢ = 0, the gate is removed and subsequently,
some of the light water flows from the boundary current
in the Pacific to the Sea of Japan. Our aim is to deter-
mine the transport through the gap and to examine
the changes that will occur upstream in the eastern
basin. It is expected that after an initial period of ad-
Jjustment a steady state will be reached because the ini-
tially unbalanced system will tend to approach a state
of geostrophic balance.

To obtain the steady solution to the problem we
shall attempt to follow the approach of Nof and Olson
(1983, hereafter referred to as NO) who examined the
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FIG. 2. Schematic diagram of the model’s initial conditions. The
current, flowing in the positive y direction in the eastern basin, cor-
responds to a uniform potential vorticity f5/ D, ; its velocity and depth
are denoted by U and D, respectively. The gap is initially blocked
by a gate so that there is no flow from the eastern to the western
basin.

equivalent problem on an f plane. In that study the
integrated momentum equation, the Bernoulli integral,
and the potential vorticity equation were used. This
system of equations gave the desired information for
both the upstream and the downstream flow. Namely,
the NO approach of connecting the upstream and
downstream fields enables one to construct solutions
for the regions far away from the gap without finding
the detailed two-dimensional and nonlinear solution
within the gap itself.

Unfortunately, however, our present problem is
considerably more difficult than that of NO because
of the presence of 8, which adds complicated terms to
the integrated momentum equation. These additional
terms involve the field within the gap and its immediate
vicinity and, consequently, they prevent an immediate
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connection of the upstream and downstream fields in
the NO manner. To circumnavigate this difficulty a
perturbation scheme in ¢, the ratio of the change in the
Coriolis parameter as one moves from the gap to the
boundary current’s separation latitude (8L) and the
Coriolis parameter at the gap (fp), will be used. For
the Kuroshio and the Tsushima Strait, the small pa-
rameter € is of O(0.1), where L is about 300 km—
much greater than the deformation radius (~45 km)
and yet much smaller than the radius of the earth
( ~6000 km). A small ¢ essentially implies that the gap
is situated relatively close to the boundary current’s
separation latitude so that the depth (and, hence, the
pressure ) along the gate is small. This means that the
leaked flux into the western basin is small (compared
to the boundary current transport) and that the width
of the leaked current is also small compared to the
Rossby radius (based on the undisturbed depth in the
Pacific).

Even with the simplifications resulting from the
above perturbation scheme, the algebra associated with
the Bernoulli integrals and the integrated momentum
equation is still rather tedious mainly due to the ex-
ponential terms. So much so, that it is questionable
whether one can rely on the correctness of derivations
performed in the familiar traditional way. To avoid
this difficulty, the algebra was done using the so-called
“Mathematica” program, which enables one to obtain
algebraic expressions using a computer (see Wolfram
1988). This valuable program minimizes the possibility
of errors; it is quite possible that without it this study
would never have been completed.

This paper is organized as follows: the formulation
of the problem is discussed in section 2, the governing
equations in section 3, and the constraints in section
4. The solution is derived in section 5 and discussed
in section 6.

2. Formulation

Consider again the two-layer system shown in Fig.
2. The thickness of the wall separating the current in
the eastern basin from the initially stagnant western
basin is infinitesimal so that, in the gap, no fluid can
accumulate against it. The model is inviscid, hydro-
static, and nondiffusive but the motions are not con-
strained to be quasigeostrophic. The origin of the co-
ordinate system is located at the middle of the gap.
The x and y axes are oriented eastward and northward,
respectively, and the system rotates (nonuniformly) at
(fo + By)/2 about the z axis. As mentioned, initially
a gate extending across the gap from the free surface
to the interface separates the two-layer eastern basin
from the one-layer western basin.

The initial northward boundary current in the east-
ern basin flows on top of an infinitely deep motionless
layer. Its structure is identical to that derived by Moore
and Niiler (1974) which, in turn, is rather similar to
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that originally constructed by Charney (1955) and
Morgan (1956), that is, the flow is in a cross-stream
geostrophic balance and separates from the coast at
midlatitude. Because of the similarity of this current
and those that will be discussed later, it is appropriate
to briefly derive its solution from the shallow-water
equations. We begin this procedure by noting that the
slowly varying boundary current has a uniform poten-
tial vorticity fo/ Do, (Where D, is the undisturbed depth,
1.e., the depth at y = 0 and x = o), so that the gov-
erning equations are

14 D
5;+ﬁ>+5y=ﬁ)(b:) (2.1)
V2
7+g'D=B(¢) (2.2)
o
(otByV=g¢ ™ (2.3)
0 a
o (DU) + P (DV) =0, (2.4)

where most of the notation is conventional (i.e., U and
V are speeds and D is the depth), B is the Bernoulli
constant (related to the potential vorticity Pby P = f5/
D, = dB/dy; the streamfunction y is defined by 8y /
dy = —UD, 8y /dx = VD). Note that the geostrophic
relationship (2.3) is introduced merely for conve-
nience—it can easily be derived from the potential
vorticity equation (2.1) and the Bernoulli inte-

gral (2.2).
The boundary conditions are
U=0; x=0 (2.5)
V=0, x— o0, (2.6)

which state that the wall is a streamline and that at
x — oo only entrainment is allowed. The general so-
lution satisfying (2.1)-(2.6) is

V=A(y)e—X(1+ﬂy/ﬁ))”2/Rd (2.7)
By AW) By\'?
D=D,1+—— 1 +—=
m[ " fo foRa ( ¥ fo )

X @ X 1+BYI )/ Ry ], (2.8)

[where R; = (g'Dy)"?/f] so that as x = oo, D
=D, (1 + By/fy), and the westward entrainment
velocity is just the long Rossby wave speed U =
_18 4 'D © / f (2) .

Assuming that the near-wall (x = 0) Bernoulli energy
isgiven by g'(D,, + 6) where 4 is a yet unknown depth,
we find [with the aid of (2.2), (2.7), and (2.8)] a qua-
dratic equation for 4(y). Its physically relevant root
(correspondingto4 = O0foréd =0and 8 =0)is
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A(Y) = (&'D,)'*(1 + Byl fo)'?
— [8'(Dw + 26 — DoBY/ /)12, (2.9)

Using (2.8) and (2.9) the depth & can now be expressed
in terms of the separation latitude, L, where the near-
wall depth vanishes, that is, D(x =0, y = L) = 0. This
gives

8= D (BL/2fy— 1/2). (2.10)

It can easily be demonstrated that the boundary current
approximation breaks down at the separation latitude

.(see Moore and Niiler 1974) corresponding to (2.10).

This implies that the actual separation latitude will be
within a few deformation radii away from y = L.

With the aid of (2.10) the function 4 can now be
written in terms of L:

A(y) = (&' D) 2 {(1 + Byl fo)'/?
—[B(L — /K1), (2.11)

and this completes the derivation of the solution of the
initial current. [ Note that the near-wall depth at y = 0
is D (BL/f3)"'? so that the leaked flow depth scale is
¢'/2D_ .] We shall now return to the description of the
problem.

The sea level in the eastern basin at x — oo is higher
than that of the western basin by D Ap /p so that there
is no flow in the lower layer even though the lower
portion of the gap is not blocked. Namely, it is assumed
that the lower layers in the two basins are in equilibrium
as a result of communication via the strait (whose up-
per layer is blocked) or other gaps far downstream.
After the removal of the barrier light fluid starts pen-
etrating into the western basin. It is expected that, si-
multaneously, gravity waves will be generated in the
gap and its vicinity. These waves will propagate out-
ward away from the gap (Fig. 3). Within a period of
O(f ™", however, the waves in the vicinity of the walls
will be modified into Kelvin waves. Since Kelvin waves
require the presence of a wall on their right, no dis-
turbances can penetrate into sections 2 and 4 (Fig. 3).
Consequently, these regions will remain unaltered and
will not be influenced by the flow through the gap.

After some time a steady state will be reached and
it is this state on which we shall focus (Fig. 4). Away
from the gap, the steady upstream and downstream
currents are expected to be in cross-stream geostrophic
balance because, in these regions, the geometry tends
to force the flow to be essentially one dimensional. In
the western basin, the steady flow must be adjacent to
the northern wall because no Kelvin waves can pene-
trate into region 4 and, as we shall see, this is the only
position that allows conservation of momentum in the
y direction. Both sections 4 and 2 remain unaltered so
that their final fields are identical to the initial field.
Namely, region 4 will be stagnant and the velocity and
depth of region 2 will be identical to the speed and
depth with which we started (U and D).
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FiG. 3. Schematic diagram of the model’s various regions. The
distance between the position of sections 1 and 4 and the x axis is
identical to the distance between sections 2 and 3 and the x axis.
Immediately after removal of the gate, gravity waves will propagate
in all directions away from the gap. Within a period of O(f -1, the
gravity waves in the vicinity of the walls will be modified into Kelvin
waves. Since Kelvin waves require a wall on their right side, no Kelvin
waves can penetrate into sections 2 and 4 so no information can be
carried to these regions and, consequently, they will remain unaltered.
Namely, the only far fields that will be affected by the removal of the
barrier are sections 1 and 3.

The flow system consists, therefore, of two unknown
boundary currents (sections 3 and 1) and a nonlinear
region in the gap and its vicinity. As mentioned, it is
not obvious a priori that the resulting downstream and
upstream fields (i.e., sections 3 and 1) can be deter-
mined without solving for the gap and its vicinity. We
shall see, however, that the use of the integrated mo-
mentum and a perturbation scheme enables one to
construct the upstream and downstream solutions
without looking at the detailed flow structure within
the gap. It is important to realize that the separation
latitude is introduced as a controlling parameter which,
as we shall see, is an approximation for the upper-layer
thickness near the gap.

3. Governing equations and boundary conditions

The equations governing regions 3 and 1 are essen-
tially the same as (2.1)-(2.4) which, as mentioned,
describe a northward flowing, slowly varying jet on a
8 plane. Hence, the general solution for these regions
is identical in structure to that discussed earlier [(2.7)-
(2.8)] save that in section 3 the terms corresponding
to the exponential growth must be retained. This results
from this field not extending to infinity.

The boundary conditions for section 3 are

h3 = O,

x = —v3(y) (3.1)

NOF
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03/ 2] xmeyy = (v3/2 + g'h1)x=0 (3.2)
gDy
2

(1+BL/f), (3.3)

(03/2 + g'h3)x—0 =

where the subscripts 1 and 3 indicate that the variable
in question is associated with sections 1 and 3, respec-
tively. Condition (3.1) states that the depth vanishes
at an unknown distance away from the wall (y3). Re-
lations (3.2) and (3.3) represent the condition that, in
the final steady state, energy is conserved along the two
streamlines that bound the leaked current from left
and right. Both correspond to an application of the
Bernoulli integral along the bounding streamlines. The
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FIG. 4. Schematic diagram of the final adjusted state. The flow in
section 2, which is located a distance aL (where a < 1) away from
the origin, is identical to the initial flow (Fig. 2) because no Kelvin
waves can ever reach it (Fig. 3). Similarly, section 4 is unaltered and
remains stagnant.






