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ABSTRACT

In this paper a mechanism is proposed which could be responsible for the formation of sharp horizontal
density gradients such as those observed in shallow seas, from fluid which initially has weak horizontal
density gradients. The sharp density gradients result from the mutual intrusion of several stratified bodies
of water which were exposed to various degrees of vertical mixing for a limited amount of time. The
dynamics of the intrusion are examined by a simplified nonrotating, frictionless multilayer model. The
results are compared quantitatively to laboratory experiments and qualitatively to field observations.

The theoretical model contains an upper and lower portion, each of which consists of several bodies
of fluids with different densities corresponding to various degrees of mixing. It predicts that in both
the upper and the lower portions, fluids which were exposed to intermediate mixing sink rapidly from
the surface, rise from the bottom, and after a finite amount of time concentrate in mid-depth. This
results in a formation of density discontinuities (fronts) near the surface, bottom, and in the boundary
between the upper and the lower portions.

Rotation is excluded from the simplified model, but it is expected that mutual intrusion will take place
even if rotation is included, provided that the flow is not in an exact geostrophic balance. The theo-
retical predictions were tested in the laboratory in a tank which contained several bodies of water with
different densities separated initially by a number of gates. The experimental results compare favorably
with the theoretical predictions. Observations which suggest the existence of mutual intrusion in frontal
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zones are discussed.

1. Introduction

Fronts represent regions of extremely high hori-
zontal gradients of temperature or salinity (or both)
and their importance as a physical process in the
ocean has been summarized by Mooers (1978). Re-
cent studies have drawn attention to frontal struc-
tures occurring in estuaries (Klemas and Polis, 1977)
and on the continental shelves (Simpson et al.,
1978; James, 1977).

Estuarine and shelf fronts differ from each other
in several respects. Estuarine fronts are usually as-
sociated with sharp salinity gradients and may have
a length scale of 1-10 km, while shelf fronts are
usually associated with strong temperature gradients
and may have a length scale of 100 km. Although
there are differences between these two classes of
fronts, both are reported to be associated with re-
gions of shoaling and tidal motion (see, e.g.,
Simpson and Hunter, 1974; Officer, 1976). Simpson
and Hunter (1974) pointed out that the location of
shelf fronts is associated with a depth where the
parameter h/v® (where h is the water depth and v
the amplitude of the tidal current) reaches a certain
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value. They suggested that the fronts are produced
by tidal mixing and that at the frontal boundary there
is an abrupt transition between a vertically. mixed
domain on the shallow region and stratified on the
deep. For such fronts Fearnhead (1975) derived a
‘“stratification parameter’ from consideration of the
tidal power required to mix a given body of fluid.

An example of a shelf front is given in Fig. 1,
which shows that the front consists of a sharp hori-
zontal density gradient- and that a bottom front is
associated with the surface front. A similar density
structure has been recently observed in the Haro
Strait (British Columbia), whose main circulation is
of the estuarine type.? Since both shelf and estuarine
fronts are associated with areas of shoaling and both
may have a density structure similar to the one
shown in Fig. 1, it is possible that they are generated
by similar mechanisms.

Typical frontal widths are ~1 km for shelf fronts
and a few meters for estuarine fronts, while the bot-
tom slope length scale (L, Fig. 2) is usually much
larger, typically ~10 km and ~1 km for shelf and
estuarine fronts, respectively. That is, for both
classes of fronts, the bottom slope length scale is

% These observations are presently being analyzed and will
be reported elsewhere.
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F1G. 1. Section through a front in the Celtic Sea, 23-24 June 1973 (adapted from James,
1977). The region of shoaling whict is responsible for the front formation is located slightly
to the northeast and northwest of this section and therefore is not apparent in the bottom

profile.

at least an order of magnitude larger than the frontal
width. This raises the fundamental question regard-
ing the possibility of the mixing mechanism chang-
ing abruptly over a gradual shoaling bottom. T'o date,
it has not been demonstrated that the mixing mecha-
nism may suffer an abrupt change over tke front
width and it is questionable whether such changes
occur in nature. Schumacher et al. (1978) suggest
that the obvious forcing functions are unlikely to
yield strong gradients over the front width and there-
fore do not explain frontogenesis. In this paper we
address the question whether it is necessary for the
mixing mechanism to change abruptly in order to
generate a front. We shall show that evea if the
mixing mechanism varies gradually over the bottom
slope, a front will be generated by mutual intrusion.
To show this, we shall assume a gradually varying
mixing mechanism and examine the flow which re-
sults from the energy input to the system. We shall
focus our attention on the processes which may gen-
erate sharp horizontal density gradients; no attempt
will be made to examine the processes which main-
tain the fronts during their lifetime nor to examine
their decay. _

Before describing our simplified model, it should
be mentioned that the generation mechanism of the
two categories of fronts considered here (estuarine
and shelf) differs probably from the generation
mechanism of fronts which result from a river emp-
tying into an open coastal area. Such river plume
fronts were studied by Kao ez al. (1977) and Garvine
(1974). These fronts are generated by a supply of
freshwater from a source which is indepeadent of
the ocean, while estuarine and shelf fronts are pro-
duced in the absence of such an independen: source.
For some estuarine fronts, it is difficult to deter-
mine whether they are generated by a freshwater
discharge or another mechanism. For instence, the
observations of Ingram (1976) in the St. Lawrence

estuary were located near a freshwater source and
it is not clear from his results to which class they
belong.

We shall now describe our simplified model. We
assume an initial density structure formed by gradu-
ally varying mixing (see Figs. 2 and 3a) and examine
the flow which results from the increase of potential
energy in the region where strong mixing acted on
the system. It is difficult to determine the appropri-
ate period of time required to form the initial density
structure. However, if we take the vertical eddy vis-
cosity coefficient (associated with a high-amplitude
strong tidal current) to be v = 500 cm? s~ and the
depth of the upper layer to be d = 20 m, we find that
such a structure can be formed withinz = O(d?/v) =2 h.

It is also assumed that the gradually varying mix-
ing mechanism relaxes after the density structure
(shown in Fig. 3a) has been formed. This relaxation
corresponds to the low velocities which occur during
the tidal cycle and is supported by the idea that the
mixing mechanism is proportional to v® and hence
is relatively weak during some portions of the cycle.
The effect of the sloping bottom is taken into ac-
count only as far as it affects the mixing. The neglect
of the dynamical effect of a sloping bottom is con-

(#)
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F1G. 2. Schematic diagram of the assumed density structure
prior to any vertical mixing.



300

JOURNAL OF PHYSICAL OCEANOGRAPHY

VOLUME 9

H A (P) (p-Ap)
(o+ap) - £ ' 2
A | @ (p+dpl1+H/A]) (p+Ap[1+2H/H])
5 6
)»‘ L/2 IL L/2 4

Fi16. 3. Assumed density structure (a) after the gradual varying mixing
has been completed and simplified density structure (b).

sidered justified in view of Middleton’s (1966) ex-
periments on gravity currents, which show that
small slopes play only secondary roles. However,
it is expected that our approximation will break
down for steep slopes. We do not consider the ad-
vection due to local currents but rather suppose that
the whole field in question is not fixed in space but
moves bodily with the local currents.

Initially, after the mixing has been completed, the
fluid is strongly stratified on one side and the de-
gree of stratification decreases gradually toward the
region which experienced relatively strong mixing.
In the absence of rotation, the pressure gradient
force, which was created by the mixing, will drive
a flow in which the mixed water intrudes into the
stratified and vice versa.

The problem is simplified by representing waters
which were exposed to intermediate mixing by two
bodies of water (Fig. 3b). Assuming that the
Reynolds and the Péclét numbers (based on eddy
viscosity and diffusivity values, rather than molecu-
lar values) are of order several hundred, we con-
sider a frictionless nondiffusive model. The problem
is further reduced to a three-layer model by dividing
the domain into an upper and lower portion, solving
the equations in each, and matching the solutions
at the dividing line. More elaborate and realistic
models could be considered, but it is believed that
our model will serve adequately to illustrate the
fundamental points under discussion.

The Boussinesq and the rigid-lid approximation are
invoked, but in regions where large vertical veloci-
ties are expected the flow is not constrained to be

hydrostatic. For the three-layer model, the inte-
grated form of the momentum and the energy equa-
tion are applied in a moving coordinate system. For
this frame of reference, the governing equations
yield a pair of high-order polynomials which are
solved numerically. Two solutions are found in the
physical range and the non-uniqueness question is
resolved by considering the history and future of
the flow. These theoretical results are presented and
discussed in Sections 3 and 4. ,
Laboratory experiments were performed in a long
and narrow tank which contained several bodies of
saltwater separated initially by a number of gates.
The mutual intrusion was photographed to obtain
measurements of the velocities and the depth of the
various layers. These experimental results are dis-
cussed in Section 5. Section 6 summarizes this work
and discusses its applications.

2. Formulation

We consider a stratified region, as shown in Fig.
3a. The domain on the right-hand side represents
the region where no vertical mixing took place, the
region on the left represents the domain where vigor-
ous mixing acted on the system. As mentioned ear-
lier, it is assumed that the degree of mixing varied
gradually from very weak on the right to very strong
on the left. Under such conditions, the density on
the far left (p,) equals (p,H + p;H) (H + H)™,
where p, and p; are the densities of the upper and
lower layer on the right side and H and H are the
depths of the upper and lower layers, respectively.
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Since we are mainly interested in the formation of
horizontal density gradients, it is expected that our
two-layer approximation of the vertical density field
will not affect the solution substantially, although
the details of the intrusion will be altered. We shall
return to the effect of this approximation in Section 4.

To simplify our analysis, we divide the region
into six domains as shown in Fig. 3b. Both the upper
and lower portions (the regions above anc below
the line connecting points 3 and 4) includes three
bodies of water with different densities. In the upper
portion, the density increases from right to left,
while in the lower the density increases from left
to right. With this simplification, the regions where
intermediate mixing took place are represented by
two bodies of water with intermediate densities. It
will be shown later that laboratory experiments sug-
gest that no loss of generality is introduced to the
problem by this simplification.

For convenience, we choose the density of the
intermediate water in the upper portion to be p, while
the fluids to its left (p,), and right (p,) have a den-
sity of {(p + Ap) and {p — Ap), respectively. The
densities of the lower portion are such that, initially,
after the mixing has been completed but before any
motion, the total mass of a fluid column does not
vary in the field as required by continuity. Such
considerations lead to densities of (o + Ap), p
+ Ap(1 + H/H)and p + Ap(1 + 2H/H) on the left,
central and right domains, respectively.

Since the dividing line is expected to e some
kind of a symmetry line, we may replace it with
a solid bottom, solve the problem in the usper and
lower portion separately, and match the solutions
at the dividing line. Due to the exclusion of friction,
the matching condition is continuity of pressure
alone. It will become clear later, however, that the
Bernoulli principle yields that a continuity of the
velocities ensures the continuity of pressure.

3. Three-layer model

We shall consider now the upper portion of the
simplified density structure. The problem is equiva-
lent to the mutual intrusion of three bodies of water
in a tank separated initially by two gates. After the
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gates are lifted, one expects to find the following
major stages of intrusion.

a. First stage

In this early stage, the intrusion near each gate
does not feel the presence of the other due to the
distance between the gates (see Fig. 4). Thus, the
solution is given simply by the solution to the mutual
intrusion of two fluids. This was given by Yih (1947)
and Benjamin (1968) who both found that for a non-
dissipating irrotational flow the velocity of the in-
trusion (c,) is

c, = Yalg(Aplp)H]'?, (1

where g is the acceleration of gravity and H the
total depth of the fluid column. The structure of
the intrusion is such that each fluid occupies half
the depth. For (Ap/p) = 1073 and a depth of 50 m,
(1) gives ~0.35 m s™! as a typical intruding velocity
in the ocean.

After some time the interface near the center of
the tank would cellide if (1) completely describes
the flow. Therefore, (1) would cease to be valid for
the central region and an intermediate stage with
a three-layer system in the central region will be
established (see Fig. S, which shows the left and
central regions of the tank).

b. Intermediate stage

In order to find the solution for this case, we as-
sume that the flow in the far field, near point 1,
remains essentially unaltered; that is to say, that the
velocity for this region is given by (1). This assump-
tion is equivalent to Long’s hypothesis of no up-
stream influence (see, e.g., Long, 1972), since if
we view the flow from a coordinate system which
travels to the left with point 2, the field resembles
a flow of two layers below an obstacle. The validity
of Long’s hypothesis has been a controversial issue
for many years (Baines, 1977; Turner, 1973), but
we shall show that laboratory experiments suggest
that for the case under consideration the assumption
is probably adequate. Even if there is an upstream
influence, it is weak and it is possible to investigate
the problem disregarding the changes in the far field.
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F1G. 4. First intrusion stage. ¢, is the velocity at which points 1, 2, 3 and 4
travel as viewed from a stationary frame of reference.
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FiG. 5. Intermediate intrusion stage. ¢, is the velocity at which point 1 travels
to the left in a stationary frame of reference; u,, u,, 43 and u, are the velocities
of the intermediate and lower layers as viewed from a coordinate system which
travels to the left with point 2 at speed c,.

It is further assumed that the region bounded by
the control volume (marked by the dashed line in
Fig. 5) travels to the left at a constant speed ¢, with-
out any changes in the shape of the interfaces. It
is reasonable to assume that this simplification is
valid for the cases in which the time scale of the
intermediate stage is much larger than the one re-
quired for the three-layer system in the central re-
gion to reach a stage in which the pressure gradient
is balanced by advection. It is difficult to determine
the time required for such a balance, but the assump-
tion is later justified by laboratory experiments. It
should be noted that with the two assumptions dis-
cussed above, the only domain in which the interface
does change its shape with time is the region between
cross sections (a) and (b) in Fig. 5.

We take a coordinate system which travels with
the origin at a speed c,. In this frame of reference,
the flow in the control volume appears steady. The
velocities upstream (i, and u;) and downstream (u,
and u,) are taken to be independent of depth, and
on the boundaries of the control volume the pressure
is assumed to be hydrostatic. Folowing von Kar-
man’s (1940) study on gravity currents, we assume
that the velocity of the intermediate layer at the
origin vanishes due to the discontinuity of the inter-
face slope. With this assumption application of the
Bernoulli principle to the upper boundary of the
intermediate layer yields

(2)
3
where u, is the velocity downstream, g’ the ‘‘re-
duced gravity’’ given by g’ = g(Ap/p), n the depth
of the upper and lower layers, P, the pressure under
the lid upstream at point (A) and u, is the velocity
upstream.

Application of the Bernoulli equation to the lower
layer along the bottom gives
(p + Apus*l2 + P, + Apfg = (p + Apu2l2, (4)

where ¢ is the upstream depth of the lower layer

u22 = 2g’779
PA = —pulz/zy

and u5 and u, are the lower layer velocities upstream
and downstream, respectively. By applying the
Boussinesq approximation and considering (3), the
energy equation (4) becomes

Uz —u +2¢'¢E—ul = (5)
The momentum equation for each layer is
F, =J vov-dA, ©)

where F, is the force on the control surface (cs)
which bounds each layer, and v and dA are the
velocity and surface vectors, respectively. Applica-
tion of (6) to the upper, intermediate and lower
layer gives

F] = (P - Ap)gnzlzs
p(H — Hud + Py(H — &) + F,
=Fy+ p(H = 2muy® + Y2pg2H(E — ) — &)

7

+ Y2Apg(4n® — 2Hm), (8)
(p + Ap)éug® + Pu¢
=Fy + (p + Apmus® + Yapg
X [2H(n — &) + & — 9] — Vehpg(n* + €, (9)

where F, and F, are the unknown forces which act
across the interfaces and it has been assumed that
the pressure on the boundaries of the control
volume (shown by the dashed lines in Fig. 5) is
hydrostatic. By eliminating the forces F; and F, from
(7), (8) and (9), applying the Boussinesq approx-
imation and considering (3), we obtain

ul(V2H — &) + u?é + g' (V28 + Hn — 7%)
— uX(H — 2m) — uln = 0. (10)

The continuity equations for the intermediate and
lower layers are

u,(H — & = (H ~ 2n)u,,

uzé = uqm.

(11)
(12)
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Egs. (2), (5), (10), (11) and (12) contain six unknowns
and an additional condition is required in crder to
solve the set. Note that in a stationary frame of
reference there can be no flow in the intermediate
layer in the center of the tank. Therefore, the speed
at which our coordinate system is traveling (¢,) is
simply u,. In view of the symmetry of the problem,
this condition yields

Uy = 2Us. (13)

Substitution of (2), (11), (12) and (13) into (5) gives
G (EX,m*) = A*P(EF) + &F
—dn* — p*(1 = 29*P/(1 — &) =0, (14

where the nondimensional variables &* and n* are
defined by
& = ¢H,n* =nH. (15)

Similarly, substitution of (2), (11}, (12) and (13) into
(10) yields

$a(€*m®) = (1 — 269 (1 — (L — &)
+ 8(*P/EF + (£4%2 — m* — S(n*)? = 0. (16)

Eq. (16) shows that for each n* four roots of &¢*
can be found, while (14) shows that three roots of
n* exist for each £*. Therefore, one concludes that
the set (14) and (16) may have as many as 12 separate
pairs of roots.

Egs. (14) and (16) were solved numer:cally by
finding the intersections of ¢,(¢*,m*) = 0 and ¢o(&*,
7*) = 0 in the £*, n* plane. In the physical range
0 =< & <1.000and 0 < »* < 0.500), only two pairs
of roots were found

£ ~ 0.403, } =~ 0.355, (17)
& ~ 0.674, mF = 0.060. (18)

The functions &,(£*,m*) and ¢,(£*,m*) both equal
zero and the corresponding roots are shown sche-
matically in Fig. 6 which indicates that both roots
appear to be stable.

The first pair (17) corresponds to the situation
where the speed ¢, of the upper layer (point 2, Fig.
5) is 0.843 (g'H)2, while the speed c, of the inter-
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FiG. 6. Schematic diagram of the functions ¢,(¢*,m*) = 0 and
&o(£*,m*) = 0 and the corresponding pairs of roots.

mediate layer (point 1) is only 0.500 (g'H ). Note
that ¢, and c, are the velocities as viewed from a
stationary frame of references. The relative speeds
show that the intermediate water sinks rapidly from
the surface. This sinking is completed (that is to say,
point 2 catches up with point 1) at a distance of
3.46 L (where L is the initial length of the intermedi-
ate water) from the center of the tank. The time
t required for the completion of the sinking is

t ~ 6.10L(g'H)™2, (19)

where ¢ includes the time required for the completion
of both the first and the intermediate stages. Note
that as mentioned earlier the interface between cross
sections (a) and (b) in Fig. 5 changes its shape and posi-
tion with time. Therefore, the volume of the upper and
the lower layers in this domain also varies with time
and the flux which enters each layer does not equal
the flux that leaves.

The second pair of roots (18) corresponds to the
situation shown in Fig. 7. Point 2 travels to the
left at a speed of 0.346 (¢g’'H)'? much slower than
point 1, which travels at 0.500 (g'H)'2, It is difficult
to determine whether or not the transition between
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F1G. 7. Intermediate intrusion stage corresponding to the second pair of roots.
All the velocities are as viewed from a stationary frame of reference.






