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ABSTRACT

A nonlinear one-layer model is considered in order to describe the way that water with a relative vorticity
intrudes into an otherwise stagnant channel. The channel has a uniform depth (D) and width (L) and the fluid
is taken to be inviscid. The intruding fiuid is separated from the (initially stagnant) water in the channel by a
free dividing streamline that corresponds to a “vorticity front.” This front intersects the channel wall (at the
head of the intrusion) and extends backwards upstream. As the fluid with relative vorticity is intruding into the
channel, the fluid with no relative vorticity (i.., the fluid present in the channel prior to the intrusion) escapes
in the opposite direction. This flow compensates for the fluid displaced by the advancing intrusion. Solutions
for steadily propagating intrusions are obtained analytically by equating the flow-force ahead of and behind the
intrusion. Namely, steady state solutions correspond to a balance between the forward momentum flux and
the form drag exerted on the intrusion by the escaping fluid. The nature of the intersection of the front with
the wall is analyzed by methods similar to those employed by Stokes for analyzing the maximum steepness of
surface gravity waves,

It is found that the vorticity in the intruding fluid “controls” the amount of fluid that flows through the
channel. When the vorticity ($) of the intruding fluid is uniform, the width of the intrusion is always 2/3 of the
channel width and the net volume flux of the intruding fluid is (2/27)¢DL2, In the presence of weak dissipation,
the channel can can transfer an amount less than (2/27){DL?, but, under no circumstances can the channel
transfer an amount larger than that. The maximum volume flux is much smaller than the flux associated with
the so-called hydraulic control {~O{(gD)”2DL}}, which corresponds to the flux of an intrusion without any
relative vorticity. When { ~ O(f), the ratio between the maximum flux allowed by the vorticity control to the
flux allowed by the hydraulic control is equivalent to about 1/10 of the ratio between the channel width and
the barotropic deformation radius. Hence, for midlatitude channels, the vorticity control may limit the flux zo
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a few percent of that associated with the hydraulic control,
Possible application of this theory to various oceanic sitvations is mentioned.

1. Introduction
a. General description

When fluid with relative vorticity intrudes into a
barotropic channel, it is pressed by the ambient fluid
against one of the channel walls, Because of the excess
pressure behind, it propagates along the wall and forms
a “nose” at the leading edge. As the nose advances, the
ambient fluid escapes to compensate for the intruding
mass. The speed at which the leading edge advances,
and the associated mass flux through the channel is
the focus of our study.

b. Background

The way that geographical constrictions affect the
flow in the ocean has been studied by many investi-
gators. Much attention has been devoted to the so-
called “hydraulic control” and its application to sea
straits (e.g., Stern 1972, Whitehead et al. 1974, Gill
1977, Sambuco and Whitehead 1976, Stern 1974, Armi
1986, Armi and Farmer 1986, Farmer and Armi 1986,
Pratt 1986, 1984, 1983, Borenas and Landberg 1986).
The basic idea behind these studies is that the maxi-
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mum flux through many straits is “controlled” in a

. similar way to the flow through a weir in a nonrotating

flow.! The latter is associated with a Froude number
(U?%/gD, where U is the speed, g the gravitational ac-
celeration, and D is the depth) of unity, i.e., there is a
stationary gravity wave at the constriction. In view of
this, the mass transport associated with a hydraulically
controlled flow is (gD)2DL, where L is the width of
the constriction.

Recently, another kind of “control’ has been found
(Garrett and Toulany 1982, Garrett 1983, Garrett and
Majaess 1984, Toulany and Garrett 1984). It is called
““geostrophic control” and, as in the hydraulic control
case, is associated with the flow through a channel con-
necting two neighboring basins. The essence of this
control is that the sea-level difference across a strait
cannot be larger than the sea-level difference between
the connected basins. The channel mass flux associated

! For many years, the nonrotating problem has been the subject
of investigation by hydraulic engineers and, consequently, it received
the name *“hydraulic control,” Traditionally, the application of this
idea to large scale rotating flows in the ocean has also been called
“hydraulic control” even though the word hydraulic is usually as-
sociated with smaller-scale manmade structures.
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with a barotropic flow that is geostrophically controlled

18,
0 =giD/f, (1.1)

where 7 is the sea-level difference between the con-
necting basins, and f is the Coriolis parameter. The
flow through broad and short gaps that do not resemble
a channel is also geostrophically controlled in the sense
that the flux is solely determined by the sea-level dif-
ference between the two basins (Nof and Olson 1983,
Nof and Im 1985).

¢. Present approach

In this paper we shall show that barotropic intrusions
through channels are subject to another kind of control.
This third type of control is related to the way that the
vorticity controls the speed and flux. We shall see that,
while the excess pressure behind the intrusion causes
the flow, it does not control its speed and flux. In con-
trast to the hydraulic control and the geostrophic con-
trol (both of which are associated with the gravitational
acceleration), the barotropic intrusion of fluid with rel-
ative vorticity is entirely dominated by the vorticity.

To show this, the following methods will be used.
First, the nature of the intersection of the front with
the channel wall is examined. Using methods similar
to those employed by Stokes (1847) for studying the
maximum steepness of gravity waves, it is shown that
such an intersection is also a stagnation point and that
the intersection angle is 90°. The intrusion propagation
speed is then computed by equating the integrated flow-
force (ahead of and behind the intrusion) and con-
serving the energy of the flow. This computation shows
that the propagation speed is related to the vorticity of
the intrusion and that the intrusion must occupy two-
thirds of the channel width. Finally, allowance is made
for weak dissipation and it is shown that, a) the prop-
agation speed is slower than the speed associated with
energy conservation, and b) the width is smaller than
two-thirds of the channel width. It is shown that, under
no circumstances, is the speed faster than the one as-
sociated with conservation of energy. Similarly, the
width can never be greater than two-thirds of the chan-
nel width.

Our analysis is organized as follows. The formulation
of the problem is presented in section 2 and the be-
havior of the intersecting front is analyzed in section
3. Section 4 includes the solution for an energy con-
serving flow and section 5 addresses the possible mod-
ifications due to the presence of dissipation. Section 6
includes the discussion; the results are summarized in
section 7.

2. Formulation

Consider the one-layer system shown in Figs. 1 and
2. Our model is frictionless and hydrostatic but the
motions are not constrained to be quasi-geostrophic in
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the sense that the Rossby number is not necessarily
small. Initially, a gate separates the fluid in the inner
basin from that in the outer basin and both fluids are
at rest. The level of the free surface in the inner basin
is higher than that of the outer basin (by %) and the
(flat) inner basin bottom is shallower (i.e., AH > 0)
than that of the channel. We shall see later that it is
also possible to consider cases where AH < 0 but this
requires the gate to be situated near the /eft bank.

At ¢t = 0O the gate is lifted and, subsequently, fluid
from the inner basin starts penetrating into the infi-
nitely long channel (the outer basin). It is expected
that, simultaneously, gravity waves will be generated.
Within a short period, some of these waves will be
modified into Kelvin waves that will propagate along
the channel. Because of the depth difference between
the basins, the intruding fluid has vorticity whereas the
ambient fluid does not. Consequently, there is a “vor-
ticity front,” i.e., a free dividing streamline which sep-
arates the inner fluid (with relative vorticity) from the
outer fluid (without relative vorticity). The structure
of the front will become apparent shortly; for other
flows with vorticity fronts the reader is referred to Stern
and Pratt (1985) and Stern and Voropayev (1984).

After a period of O(f™"), the intrusion head will reach
a steady propagation rate and it is this state that we
shall focus on (Fig. 3). Far from the intrusion head
{i.e., several channel width (L) away] the steady up-
stream and downstream flows are expected to be in
geostrophic balance because, in these regions, the ge-
ometry tends to force the flow to be one-dimensional.
We shall view the intrusion process from a coordinate
system traveling with the intrusion nose at the speed
C. The x and y axes are directed along and across the
channel, and the system rotates uniformly at f/2 about
the z axis. In our moving coordinate system the motion
of both the inner and outer fluid appears to be steady
and the equations of motion are the usual shallow water
equations,

du  du o
_+ —_— —_ ——
“ax ”ay fo gax
dv v M
—+v—+f(u+C)=—g—
L ”ay Swu+C) gay

d 0
b;(hu) + 5(}10) =0,

where £ is the total fluid depth, » and v are the hori-
zontal two-dimensional velocity components [« = w(x,
¥); v = v(x, y)], n the free surface displacement (n < H,
n = 0; x = ), and C is the intrusion propagation
rate. These equations can be manipulated to give the
steady potential vorticity equations and the Bernoulli
integral,

v. (V—:) + f=hk(¥) (2.1a)
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FIG. 1. Schematic diagram of the barotropic flow under study. At ¢ < 0 there is no motion and the pressure
associated with the sea-level difference between the two basins () is exerted on the gate. At ¢ = 0 the gate is removed
and the anomalous water (shaded) intrudes into the infinitely long channel that is blocked at the end. After some
time a steady propagation rate will be reached. “Wavy” arrows denote propagation and solid arrows correspond
to particles speed. Surface displacements shown in the vertical cross section are exaggerated; in reality » < H; AH.
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FIiG. 2. A three-dimensional view of the intrusion leading edge.

1[(1aY\2 (1% 3
5[(% 5) +(Z ay) ]+gn+fC)’—B(\P), (2.1b)

where the streamfunction ¢ is defined by

and K(Y) = dB(y))/dy. Note that the potential vorticity
equation is not affected by the migration whereas the
Bernoulli integral is altered by the drift; as a result of
the migration the Bernoulli integral has an additional
term fCy.

a. Governing equations

With the rigid lid approximation (n < AH), the
transient potential vorticity equation D[(v, — u, + f)/
h)/Dt = 0 gives for the outer fluid,

V3,=0, (2.1c)

where dy,/0y = —u, dJ,/0x = v. The subscript “o0”
denotes that the variable in question is associated with
the “outer” fluid; the subscript “i” will be used later
to indicate association with the “inner” fluid. In de-
riving (2.1), it has been taken into account that the
outer fluid was initially at rest so that the initial (and

final) potential vorticity is /D = f/{(H + A H). Similarly,
for the inner fluid, the potential vorticity equation gives,

V3, = fAH/H. (2.2)

b. Boundary conditions

The boundary conditions are that the walls (y = 0,

y = L) are streamlines and that far upstream,
U,=—C, x—=>o0; 0<y<L.

(2.3)

Downstream in the outer fluid [cross section (d), Fig.
3] we have (by the continuity equation),

e L.
(4 L___[’

For the downstream inner fluid (x = —o0) we have
[by (2.2) and integration of the continuity equation
fromy=0toy=1[],

x-—>—o0; I<y<L.

24

uF*f%(y‘f/Z); x—>—o0; O<y<l (2.53)

Recall now that the solution of (2.1c) and (2.2) re-
quires knowledge of the streamfunction (or its deriv-
ative) along all the boundaries. Our previous consid-
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FIG. 3. The cross section ahead (upstream) and behind (down-
stream) the intrusion. Note that the terms “upstream” and “down-
stream” are used here with reference to the ambient fluid rather than
the intrusion. Cross sections @ and @ are located several channel
widths away from the head and leading edge. They include region
@ [connecting points (a) and (b)], region @ [connecting points (c)
and (e)] and region ® [connecting points (e) and (f)]. The stream-
function y is defined to be zero along the right bank (looking at the
direction of propagation). As before, wavy arrows denote propagation
and solid arrows correspond to particles speed.

erations and (2.3-2.5) indicate that, as required, we
know the distribution of ¥ along all the boundaries,

outer fluid:

Yo=0; »=0, 0 >x=0 (2.62)
Vo=Cy;, O<y<L, x—>o© (2.6b)
Yo=CL;, y=L, 0 >X>—00 (2.6¢)
¢O=C(ZL_—,)(y—l); l<y<L, x——o (26d)
Y=0; y=v(x), 0=x>-o0 (2.6¢)
inner fluid:
¥:i=0; y=0, 0=x—>—c0 (2.7a)
¥:i=0;, y=vx), 0=x—>-ow (2.7b)
_fAHy

7 30— 7(=0)>y=>0, x—>—c0. (27¢)

H

However, although the distribution of y is known, the
location of the streamline y = y(x) is not known a
priori. Since the position of the free separating stream-
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line y = y(x) is not known in advance but rather must
be solved as part of the problem, we need an additional
boundary condition on . This is supplied by the con-
dition that the sea level (i.e., the pressure) must be con-
tinuous across the front y = v(x),

=175 Y=7v(x); —oo<x<=0. (2.8)

Relation (2.8) can be expressed in terms of y by using
a modification of the Bernoulli integral (2.1b),
WP+ 03+ gn+ fCy=BW), 2.9)

where ¢ = ¢/(H + AH)and D = (H + AH) ~ h.
In general, B(Y) is to be determined from the up-
stream conditions. As we shall see shortly, the upstream
conditions for the outer fluid allow a detailed com-

putation of B but this is not the case for the inner fluid.
For the outer fluid, the upstream conditions (u#, = —C;

Yo = Cy) give,
C%2+ o= B,(¥o)
B,0)=C?/2. (2.10)

For the inner fluid, however, it is not possible to a
priori determine the value of B{y) because the sea level
at x = —oo is not known. Namely, we have

— gny+ DL (AHY?
BL(0) = gny+ ( :)

where 7, [the sea level at (f), Fig. 3] is a constant to
be determined as a part of the solution.

Relations (2.11), (2.10) and (2.9) allow us to express
the boundary condition (2.8) in the form,

LT (8o | (3o\) _ cayp - L] (30, (3a)
o) (5 [ en=alG) + ()]
2 2
e 5 (G [ v e

which is the desired additional condition on .

This condition is highly nonlinear; it represents the
main difficulty associated with the solution of the linear
governing equations (2.1) and (2.2). It is important to
realize that in the usual quasi-geostrophic theory the
terms associated with the square of the velocity are
neglected. This is so because for quasi-geostrophic flows
the ratio of #? (or v?) to the other terms in the Bernoulli
integral (e.g., fC) is of the order of the Rossby number
which is taken to be small. In our case, however, the
Rossby number is not small because the square of the
velocity [O(fL)?] is of the same order as fCL [since C
~ O(L)). .

Solutions involving such free separating streamlines
are notorious because, as already mentioned, the po-
sition and slope of the streamline are not known in
advance and the nonlinear terms cannot be neglected
(e.g., see Benjamin 1968, Batchelor 1967). There is no

so that

(2.11)
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direct way to compute the variables associated with the
separating streamline and it is usually necessary to
“guess” the value of the variables in question. To avoid
the above difficulty, we shall seek solutions for the in-
trusion speed (C) and width (/) without solving for the
whole field. We shall see that, by conserving the flow-
force in cross sections @ and @, and by analyzing the
nature of the solution in the vicinity of point O (Fig.
3), it is possible to determine C and the position of the
streamline at x = —oo without finding the entire so-
lution.

3. The intersection of the vorticity front [y = v(x)] with
the wall

In this section we shall show that the point at which
the vorticity front intersects the wall is a double stag-
nation point, i.e., both the inner and the outer fluid
stagnate there (Fig. 4). We shall also show that the in-
tersection angle must be exactly 90°,

We begin by noting that the nature of the intersection
is not a priori obvious. For example, it appears that at
0 the slope of the free dividing streamline could be
either zero (Fig. 5b) or « (Fig. 5a). In the latter case
only the intruding fluid would stagnate at 0 (because
the outer fluid can slide along) whereas in the former

FIG. 4. Schematic diagram of the intersection between the free
dividing streamline [y = y(x)] and the wall (y = 0). Note that it is
not a priori obvious that 0 is a stagnation point for both fluids because
the situations displayed in Fig. 5a (a = =) or Fig. 5b (o = 0) appear
also to be possible. Our analysis shows, however, that o« = 7/2 (Fig.
5¢) so that both fluids must stagnate at 0.
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(a)

(b)

(c)

FIG. 5. A sketch of three intersections of the vorticity front y = v(x)
with the wall. In (a) « = =, the ambient fluid (not shaded) does not
stagnate at 0 but the anomalous fluid (shaded) does come to rest
there. This results from the fact that only the anomalous fluid has a
discontinuity in the adjacent streamline slope. In (b) « = 0, the op-
posite situation exists, i.e., the anomalous fluid does not stagnate
whereas the ambient fluid does. As shown in the text, none of these
situations is physically possible. Instead, the intersection angle is x/
2 so that there is a discontinuous slope for both fields and both fluids
stagnate at 0 [situation (c)].

case only the ambient fluid would stagnate there. To
compute the intersection angle a we shall follow the
technique used by Stokes (1847) to determine the angle
associated with the maximum steepness of surface
gravity waves. Stokes’ method involves an analysis
which combines application of conformal mapping and
the Bernoulli integral. Using these procedures he de-
termined that the angle of sharp crested waves must
be 27/3. Von Karman (1940) later used the same
method to determine the intersection angle of the front
associated with the head of a gravity current; he found
that this angle must be x/3.

a. The outer flow near point 0

In the immediate vicinity of 0, the flow of both fluids
behaves like a flow inside a corner, i.e., the outer fluid



-y

1764

flows inside a corner with an angle « whereas the inner
fluid flows inside a corner of (# — «). The outer fluid
is governed by V%, = 0 so that one can derive its
solution with the aid of conformal mapping (e.g., see
Batchelor 1970, p. 409). Specifically, for a flow inside
a corner the complex potential w (=¢ + iy}, where ¢
is the potential and Y, the streamfunction) is an analytic
function of z (=x + iy) and we have,

w(z)=AZ", 3.1

where A4 and n are real constants. If r, 6 are polar co-
ordinates in the z plane, we have z = re® and

Yo = A7 sinn. (3.1a)

This expression for y vanishes for all » when § = 0 and
6 = w/n. Hence, (3.1) and (3.1a) provide a represen-
tation of potential flow in the region between two
straight zone flux boundaries intersecting at an angle
w/n. The speed of the flow g, is given by
|l

d4o= (31b)

dz
so that along the separating streamline ¢, = 0 (y = x
X tana) the outer velocity is proportional to nAdy™!

agl(d tEle velocity square (1, + v,°) is proportional to
yHh.

b. The inner flow in the vicinity of 0

The inner fluid is governed by the Poisson equation
V2y; = fAH/H so that the solution is a sum of a par-
ticular solution (whose Laplacian gives fAH/H) and a
homogeneous solution () similar to (3.1), i.e.,

w(z)=Bz™;, Yy, = Br™ sinmé, 3.2)
where m = n/(n — 1) since n/m + w/n = =.
As before, (4%, + v3,) is proportional to y2™~" along

¥ = x tana. The particular solution (y;,) satisfying the
boundary condition ;, = 0 on y = 0 and y = x tana«
is

H

Vip =" y(y—xtana).
This shows that along y = x tana, u;, and v,, are pro-
portional to y. Since the inner homogeneous speed is
proportional to ™" and the inner particular speed
is proportional to y, it follows that the square of the
total inner speed (¥ + v,2) must be proportional to
2(m-l), y2 and ym.

(3.3)

¢. Matching of the two flows

Leaving the above information aside for a moment
_we note that the Bernoulli integrals for the free sepa-
rating streamline-are

SR o)+ [Cy+gn,=B0) . (342)
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@R — )+ fCy+gn=Bi0),  (3.4b)
where (3.4a) corresponds to the inner fluid and (3.4b)
to the outer. Since ; = 75, along y = ¥(x), (3.4) give,

(u> + 0,2~ (U +v7) =2[BL0) ~ Bi(0)]; y=7~(x).
(3.5)

Recall now that along y = x tana the square of the
outer speeds (1,2 + v,%) is proportional to y*™D, 32
and y™. Since the right-hand side of (3.5) is a constant,
and, hence, is free of y, the left-hand side must also be
free of y implying that all terms involving powers of y
must cancel each other. This can only happen if (¢,
+ v,%) and (¥ + v?) have terms with equal powers of
y. It is easy to show that when m = n = 2, the above
condition is satisfied. Under such circumstances all
terms in (1% + v?) and (1> + v,?) are proportional to '
y2. The condition m = n = 2 implies that the angles
associated with the flows in both corners are 7/2. We,
therefore, conclude that,

a=x/2. (3.6)

Since « is not zero (Fig. 5b) or « (Fig. 5a), the inter-
section of the free separating streamline with the wall
must represent a stagnation point for both fluids.
Strictly speaking, for y ~ O(L), the offshore velocity
component associated with the particular inner solu-
tion [i.e., vy, = ;p/dx = —f(AH/2H)y tana] goes to
infinity as o = w/2. This does not present any difficulty
because the analysis is supposed to be valid only near
the wall where y — 0. It is a simple matter to show
that if the angle o is not exactly w/2 but, say,
im(1 + €) then the off-shore velocity vanishes for all
y < ¢# where 8 > 1. In other words, ’

limé® mn[E (1+ e)] =0; 8>1
0 2

suggesting that, within a radius of O(¢®) from the origin,
our analysis is valid.

4. Solution

As mentioned in sections 2 and 3, finding the com-
plete solution analytically is (probably) impossible due
to the nonlinear boundary condition (2.12). It is, how-
ever, possible to determine analytically the most im-
portant aspects of the intrusion—its propagation speed
C and its upstream width /. This can be done by, (i)
conserving energy along the walls and the separating
streamline, (ii) equating the flow-forces in cross sections
® and @, and (iii) taking into account that 0 is a stag-
nation point.

a. Energy conservation

Application of the Bernoulli integral to the stream-
lines connecting (a-e), (b—c), and (e-f) (see Fig. 3) give,






