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ABSTRACT

The behavior of outflows resulting from channels cutting through broad continents and emptying into wedgelike
oceans, or channels cutting in wedgelike continents and emptying into broad oceans, is examined analytically.
The model is nonlinear and inviscid, and the vertical structure is approximated by two layers; the upper layer
is active and the lower is passive.

Examination of the governing equations shows that, since outflows are externally driven (by gravity and mass
flux), there exists an “outflow length scale” in the open ocean. This length scale (/) is given by [g’Hb/fUs]"?,
where b is half the emptying channel width, g’ the “reduced gravity,” H the channel depth, f the Coriolis
parameter, and U, the flow speed within the channel. Solutions are constructed using this new length scale and
a power series expansion.

It is found that, due to the earth’s rotation, an outflow can be deflected toward one of the coasts or bifurcate
into two branches, depending on the basin geometry. When the outflow results from a channel cutting through
a broad continent and emptying into a wedgelike ocean, there are two possibilities. If the wedge opening is less
than 90°, the outflow deflects to the right (looking downstream); if the wedge opening is larger than 90°, the
‘outflow deflects to the left. In contrast, when the channel is cutting through a deltalike continent and emptying
into a broad ocean, the outflow bifurcates. If the angle between the two walls bounding the ocean is less than
270°, the outflow splits into a narrow band that flows to the right and a broad current that veers to the left and
penetrates into the ocean interior as an isolated ocean. A mirrored picture is established when the angle between
the walls is larger than 270°.

Possible application of this theory to the two outflow modes observed near the Tsugaru Strait is mentioned.

1. Introduction
a. General description

The way that mediterranean seas and rivers empty
into the ocean is an important and difficult problem.
Its importance stems from the fact that it affects the
distribution of salinity and nutrients up to very large
distances [~O(1000 km)] away from the source. The
difficulty in modeling and analyzing its behavior is a
consequence of the inherent nonlinearity that results
from the relative small length scale (imposed by the
feeding channel) and the relatively high speeds.

Outflows spread in a variety of oceanic basins; many
correspond to wedgelike oceans or continents that re-
semble a delta. Consider the following situation as an
idealized formulation of the problem. A uniform
channel whose width is 2b is connected to an oceanic
basin bounded by two walls (Fig. 1). The angle between
the basin walls and the x-axis («) can take values larger
than 90° so that the continent (through which the
channel cuts) can have the shape of a delta (A). In the
ocean, the model has two layers, a shallow (active) up-
per layer and a deep (passive) lower layer. It is inviscid
and nondiffusive, and the motions are driven solely by
the flow in the channel. Namely, the effects of wind
and coastal currents are not taken into account so the
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basin would have been stagnant had the channel not
been feeding fluid into it.

b. Background

Although the above problem has never been consid-
ered directly, there have been a number of related in-
vestigations. Takano (1954, 1955) was the first to in-
vestigate the spreading of a river in an oceanic basin.
His basin occupied half of the plane and the motions
were frictionally dominated. Consequently, the river
plume deflects to the right in the Northern Hemisphere.
Paul and Lick (1974) studied numerically the river dis-
charge into a lake with a preexisting circulation, and
Whitehead et al. (1974) examined the “hydraulic con-
trol” exerted by a strait. Beardsley and Hart (1978)
have looked at the way that estuarine flow interacts
with the continental shelf; Kawasaki and Sugimoto
(1984) have examined, with the aid of a laboratory
model, the behavior of buoyancy-driven outflows in
rectangular basins.

Other investigations related to the problem posed
above are those of Nof (1978a,b), who considered the
effect of a sudden widening in a channel, and the tran-
sient analyses of Whitehead and Miller (1979), Stern
(1980), Stern et al. (1982), and Griffith and Hopfinger
(1983), all of whom considered river outflows bounded



38 JOURNAL OF PHYSICAL OCEANOGRAPHY

AY

L
Uy = 2b %—)———:

(a)

VOLUME 17

(b)

TOP VIEW

f/2

ﬂlﬂ_f_i_—_—» ,

cross-section through the

(p+Dp)

xz plane

at y=0 [of either (a) or(b)] for case |

Elf/z

g: e——
ALY Jar
|
|
|
|
o

cross-section through the xz plane
at y=0 [of either (a) or(b)]for case |l

F1G. 1. Schematic diagram of the model under study. The wedge [top view (a)] and delta [top view (b)] correspond
to the various basins into which outflows debouch. The free surface displacement 5 is measured upward from the
undisturbed depth at the origin [i.e., 7(0, 0) = 0]. H is the undisturbed depth at x = 0, 2b is the channel width.

by a front (i.e., a surfacing interface). The latter group
of investigations differs from the case considered in
this study because, in an infinitely wide ocean, the
presence of a front tends to confine all motions to the
vicinity of the right wall. Another closely related work
is that of Nof (1981), who considered the dynamics of

equatorial outflows and the way that rivers empty into
(equatorial) wedgelike basins. The present study is es-
sentially an extension of Nof (1981) to midlatitude
outflows and to basins that are far broader than wedge-
like seas. The techniques used in this paper are similar
to those discussed by Nof (1981), and there is some
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(limited) overlapping between the two articles because
an attempt has been made to make the present paper
self-contained.

¢. Methods

The particular approach that will be used to solve
for the flow in the basin is to simplify the structure of
the nonlinear governing equations (the potential vor-
ticity and the Bernoulli integral) by using a perturbation
scheme in € = 2b/I, the ratio of the channel width (2b)
to the length scale in the open ocean (/). We shall show
that the outflow length scale (/) is not the familiar
Rossby deformation radius but rather a function of the
transport in the channel. Expansion of the Bernoulli
integral in power series shows that up to O(e), the rel-
ative vorticity equals the vorticity generated by the
deepening of the upper layer in the basin. The reduced
potential vorticity equation and the simplified Ber-
noulli integral are then combined to a second-order
partial differential equation, which is solved by ele-
mentary methods and second-order polynomials.

This paper is organized as follows. The formulation
of the problem is discussed in section 2. Section 3 in-
cludes a thorough discussion of the new length scale
and the perturbation scheme. Section 4 contains the
zero-order solution and section 5 discusses its impli-
cations. Section 6 summarizes this work.

2. Formulation

As an idealized representation of the problem, con-
sider again the model shown in Fig. 1. As mentioned
earlier, the upper layer is shallow (and active) and the
lower layer is deep (and passive). Two slightly different
cases are considered—the first has a two-layer structure
in both the channel and the ocean (case I), whereas the
second has one layer in the channel and two layers in
the ocean (case II). Note that the fact that the lower
layer is motionless does not imply that the lower-layer
transport is small compared to the upper-layer mass
flux. All it means is that the lower-layer velocities are
small compared to the speeds in the upper layer.

The flow in the upper layer is taken to be steady,
inviscid and nondiffusive, and the pressure is assumed
to be hydrostatic. The x- and y-axes are directed along
and across the channel’s mouth, and the system rotates
uniformly about the vertical axis (z). Because of the
hydrostatic approximation, the horizontal velocity
components (4, v) are taken to be independent of depth.
For such conditions the potential vorticity equation
and the Bernoulli integral are (e.g., see Gill, 1982)

YV (Vb /h)+ /= hK() @.1)
S (Vab/W? +gh=G()

where K(¥) = dG(y)/dy, Vi is the horizontal del-op-
erator, fthe Coriolis parameter, 4 the total upper-layer

2.2)
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depth, g’ the “reduced gravity” (equal to gAp/p with g
the gravitational acceleration, Ap the density difference
between the layers and p the upper-layer density), and
¥ a transport function defined by

W W

I vh, 3 uh.
The transport function y is taken to be zero along the
left feeding channel wall [i.e., y(x, b) = 0; x < 0 where
b is half the feeding channel width]. The functions K(y)
and G(y) are to be determined from the upstream con-
ditions, which must be specified. In contrast to the cases
considered by Nof (1978a,b) and Takano (1954, 1955),
where it was necessary to specify the upstream condi-
tions at the mouth, it is sufficient here to specify the
upstream condition away from the outlet to the basin
(i.e., as x = —o0). For both case I and case II we take
the upstream flow to be uniform:

u, = U, 2.4

where the subscript indicates that the variable in
question is associated w1th the upstream conditions.

Since the flow in the channel is unidirectional (v
= (), the y-component of the momentum equation
(udu/dx + vav/dy + fu = —(1/p)dp/dy where p is the
hydrostatic pressure) implies that the flow is in geo-
strophic balance in the cross-channel direction. This
means that for case I:

hy=H— fUpy/g’
Yu= f[h2 (H - fUsb/g)1

where H is the undisturbed upper-layer depth in the
channel.

Application of these upstream conditions (2.4)-~(2.5)
to (2.1) gives for case I,

K() = fIh(¥)

which shows that
o o8]
Similarly, application of (2.4)-(2.5) to (2.2) shows that
GWY)= U +g [2?[/ ( —f—%,zé)z]m (2.8)

which satisfies the condition dG(¥)/dy = K(}) as re-
quired.

In view of (2.7) and (2.8), the general structure of
the governing equations for case I is

o B s o

Z(V;f) +eh=10 +g[2ﬁ” (H—f—zﬁ)]’

(2.3)

-b<y<bh, x—>—0

33 ”

(2.5a)

(2.5b)

(2.6)

2.7)

(2.9v)
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Note that these equations govern the flow in both the
channel and the basin. In a similar fashion, the gov-
erning equations for case II are found to be

Vi (V”") = fih— H)/H (2.10a)

h

where H is now the channel depth and 7 is the free
surface displacement. For simplicity, it has been as-
sumed here that upstream at x = oo the channel bot-
tom is not flat but rather has a transversal slope iden-
tical to dn,/dy. Under such conditions 4, = H. It will
become clear later that this assumption is made merely
for convenience and is not essential. It can be easily
avoided by invoking the rigid-lid approximation h,=H
+ 5 ~ H. Note that for the oceanic basin, gn can be
replaced by g'h.
The boundary conditions for case I are

_q [P=b
¥=0 [y=b+xtana,
Y =HUyb—y)+ fU(y*— b)/g,
-b<y<bh x—->—-v (2.11b)
—wo<x<0
0<x<oo.

2(V”‘”) +en=LUs+ fu/H-fUsb (2.100)

—0<x<0

0<x<m (2.11a)

=—b,

y
=2H
4 Uob [y= —b—x tana,

2.11¢)

For case II the boundary conditions are identical to
(2.11), except that the second term on the left-hand
side of (2.11b) [i.e., fUp2(3* — b%)/g’] should be omitted.
In addition to the above boundary conditions, we re-
quire for both cases that all streamlines originate at the
upstream section of the channel and that there are no
other streamlines in the basin. This condition can be
written as

0<y(—o0,))<2U,Hb forally and -b<y<b

(2.12)

which states that all ¥ must possess a value between
zero and 2UyHb for x =» —oo and —b < y < b so that
all streamlines originate in the upstream section of the
channel. This condition is, in principle, equivalent to
the so-called radiation condition, which allows the fluid
to flow out of the basin but does not allow it to flow
in. It is consistent with our formulation which addresses
outflows that are driven solely by the flow originating
in the channel.

It will become clear later that the outflow solution
which we will shortly derive cannot fill the whole
oceanic basin. Consequently, there will be regions into
which the outflow does not penetrate. Namely, there
are areas separated from the mean flow by a free di-
viding streamline. Such regions must be at rest because,
in the absence of friction and time-dependent motions,
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there is no mechanism by which momentum can be
transferred to them (e.g., see Nof 1981; Ingersoll, 1969).

3. Scaling and perturbation analysis

We shall first determine the length and velocity scale
for the flow in the basin; the following analysis is rel-
evant to both case I and case II. Since the flow in the
basin is a discharge-driven flow, the velocity scale is

Yo/ lH 3.1

where Y is the channel mass flux (2U,Hb) and /is the,
as yet, unknown length scale. Because of the conser-
vation of potential vorticity, this velocity scale must

also be equal to
AH
o)

where AH is the change in depth that a parcel expe-
riences as the flow spreads in the basin. We shall now
show that AH can be estimated with the aid of the
Bernoulli integral. From (2.10) one can see that the
maximum depth change along a streamline is Ug*/2g’
because this is the depth change that corresponds to
zero speed in the field. In other words, as the flow
emerges from the channel mouth it spreads and slows
down and this reduction in speed gives rise to a depth
increase of Uy%/2g'.

Combination of the above relationships with (3.1)
and (3.2) gives

I=2(g'Hb/fUo)""?

I=2R,/(Ro)"* = 2b(Ro/Fr)'/? (3.3)

where R, is the deformation radius, (g'H)"?/f; Ro the
channel Rossby number, Uy/bf; and Fr the Froude
number, Uy*/g'H. For many flows, Ro» 1 and Fr < |
so that / is smaller than the deformation radius. For
example, if2b ~ 1km, Uy~ 1.5ms™ !, g’ ~ 5 X 1072
ms2 f~ 10*s™!, and H ~ 200 m, we have Ro
= 30 and Fr = 0.23. The corresponding deformation
radius is about 32 km, whereas the appropriate length
scale / is only 12 km,

Before proceeding, it should be pointed out that if
the geostrophic value is used for AH in (3.2) (i.e., AH
is taken to be equal to foUpb/g"), then [ takes a value
identical to the deformation radius, as should be the
case. The main difference between our case and the
scale of a geostrophic or quasi-geostrophic flow is that
in the former the depth variations along streamlines
are much larger than the geostrophic depth changes
[i.e., Us%/2g' > fUob/g' = fUsl/g’, where U, is the ve-
locity scale in the basin Uy(b/I)].

The ratio between the feeding channel width (2b)
and the length scale in the open ocean (/) is usually
small, suggesting that a perturbation expansion in
2b/1 can be used. Such a perturbation will not only
simplify the governing equations but will also simplify

3.2)

or
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the geometry of the problem. Specifically, such a per-
turbation will reduce the geometry to that of a point
source in a wedgelike ocean. Namely, instead of con-
sidering the full problem consisting of a channel feeding
into a basin, it will be sufficient to consider a point
source in a wedge. To perform the perturbation ex-
pansion, the following nondimensional scaled variables
are defined:

£=x/l $=y/l, ¥=y/2UHb
h=h/H, 4=u/Uyb/l); D=0/Usb/l) (3.4a)
V=IVy; e=2b/l; 6=Fr/e

We shall focus our attention on situations where
(£, ) ~O(1); (%) ~O(1); h~O(1)
¥~0(1); e<1; Fr~0O(e); §~0(1)
Ro ~ O(1/¢)

In terms of the nondimensional variables defined by
(3.4a), the governing equations for case I [i.e., Egs.
(2.9a) and (2.9b)] become

(3.4b)

6—2‘§v (W)+ 1=hl(1 -2 +4&12  (3.5)
fzé(%) ‘=§+[(1 P +4e4)2  (3.6)

The nondimensional equations governing the oceanic
basin associated with case II are

i\
2v(h) h—1 (3.7
‘2‘3(?) +h= —6+1+e2(2¢—1) (3.8)

To derive (3.8) we have replaced gn by g'h [in (2.10b)]
so that it is appropriate for the basin alone. Somewhat
different scaling must be used for the equations gov-
erning the motions in the channel because the lower
layer is absent. It will become clear later, however, that
the governing equations for the channel are not needed
for the zero-order flow, and, therefore, they are not
presented.

The nondimensional boundary conditions and the
“radiation condition” for case I are found from (2.11)
and (2.12) to be

P V=g¢ —0<x<0

=0 .
v {}3=e+)?tana, 0<i<oo (3.92)

j;2 62

¢——(1—y/e)+[—~—3] —e<f<e, X—>—o0 (3.9b)
j=1 y=e—Xtana, 0<i<oo

v [ﬁ= —¢, —0<x<0 (3.9¢)
0<y(~o0,y)<1 forally. (3.9d)
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As before, the boundary conditions for case II are iden-
tical to those of case I except that the term in square
brackets in (3.9b) should be omitted. In addition, note
that, as previously, (3.9d) indicates that all ¥ intersects
the line —e < y < ¢; x > — o0, ensuring that all stream-
lines originate upstream in the channel and there is no
flow into the channel.

It is further assumed that for both case I and case
II, ¥ and h can be expanded in power series.

WL 5,0, 8,6) = YOUL 5,8, ) + e UK, 5, 8,0) + - - -

il(’f’ yA’ a’ 6’ e) = h(O)(f’ j]" 6, a) + e}l(l)( A,.};’ 6, a) + c "
(3.10)

By substituting (3.10) into the Bernoulli integral (3.6),
collecting terms up to O(¢?), and then substituting into
(3.5), one finds the following zero- and first-order
equations for case I:

KO=1; VyO=1 3.11)
KO =5§/2; VHV=5/2 (3.12)
B =290 — 1, (3.13)

Similarly, one finds for case II:
KO=1; VO=] 3.14)
KV = 8/2; gvz‘b(l)_%z_:(z,pm)— 1) (3.1%)
hO =290 — 1, (3.16)

We see that, because the channel is approximated by
a point source, the zero-order equations of case I (3.11)
and case II (3.14) are identical, despite the fact that the
upstream conditions are quite different. Note, however,
that this is not the case for the first-order problem,
where the governing equations of the two cases [(3.12)
and (3.15)] do not even have the same structure. It is
a simple matter to show, with the aid of (3.10) and
(3.9), that the boundary conditions have similar prop-
erties. That is to say, the zero-order boundary condi-
tions for the two cases are identical, whereas the first-
order conditions are different. We shall see that the
dynamics that are of present interest can be understood
from the zero-order problem alone. In view of this, our
attention will be focused solely on the zero-order flow
and we shall keep in mind that our solution is relevant
for both case I and case II.

The boundary conditions for the zero-order problem
are

Y9=0; p=%tana, 0<X< (3.17a)

yO=1; $=—%tana, 0<i<oo (3.17b)

0<limy 0,5 <1 forall . (3.17¢)
$=>0

Note that (3.17) does not include any condition equiv-
alent to (3.9b) because the channel width has degen-
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erated to a point. In a similar fashion to (3.9d), (3.17¢c)
ensures that all streamlines originate from the channel.
Equations (3.11), (3.14) and (3.17) show that, as in
Nof (1981), the perturbation scheme removed the
nonlinearity from the problem and reduced the number
of unknowns from two (¢ and /) to one ({'?).

-4. Zero-order solution

The solution of the zero-order equation (3.11) con-
sists of a homogeneous part, ¥4, which satisfies the
Laplace equation, and a particular solution, ¥,%, whose
Laplacian gives the right-hand side of (3.11). The
boundary conditions for the homogeneous solution are
identical to (3.17). The particular solution should van-
ish on both coasts and together with 4 should satisfy
(3.17¢) everywhere if the solution is to be valid in the
whole field. ,

The homogeneous solution 4@ satisfying V@
and (3.17a-c) is found by elementary methods to be

Y0 =111 - tan”'(/%)/e] 4.1)

which describes straight streamlines corresponding to

a purely radial flow. It is important to note that this
homogeneous solution corresponds to the total solution

on a nonrotating plane (f = 0). This cannot be easily

verified from (3.11) because the scaling that we have
used involves (1/f). It can, however, be verified from
the basic equations (2.9) and (2.10) by setting f = 0
and neglecting terms that involve the square of the
velocity in the field.

The particular solution is found by noting that the
Laplacian of any second-order polynomial gives a con-
stant. It is easy to see that

5 00— (%)’ tan’a
P 2(1 — tan®a)
is the only second-order polynomial that vanishes on

the two coastlines (J = +tana). The complete solution
to zero-order is, then,

4.2)

()* - (X)? tan’a
2(1 — tan’a)

This solution satisfies the governing equation (3.11)
and the boundary conditions along the walls [(3.17a)
and (3.17b)] for all X, but, as we shall see, it satisfies
the radiation condition (3.17c) only up to a certain
distance from the channel mouth. Beyond this distance
(4.3) is not valid, and, to satisfy the radiation condition
and (3.17a-b), it is necessary to allow for separation
and blocking to occur. We shall show that this results
from the fact that the uniform vorticity imposes a limit
on the possible growth of the outflow width. In other
words, the outflow width is limited to our new length
scale /. This forces a separation from the walls or a
formation of stagnant regions in areas where the basin
width is considerably larger than /.

YO =211 - tan"'(/8)/e] + 4.3)
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The solution (4.3) possesses two singularities—one
at & = w/4 and the other at o = 37/4. It will be shown
later that these singularities are a direct result of our
perturbation analysis, which breaks down when o =
/4, 3w/4. To analyze the solution (4.3) and to inves-
tigate the nature of these singularities, we shall consider
in section 5 outflows spreading in various basins.

5. Analysis and discussion

As pointed out earlier with regard to (4.1), the first
term in (4.3) (i.e., the homogeneous solution) corre-
sponds to the solution in the absence of rotation (f
= 0) and the second is the contribution of the earth’s
rotation. The sign of the latter term depends on whether
a < w/4 or « > /4 and whether o < 37/4 or a > 37/
4. In the first and third cases the term is positive whereas
in the second and fourth cases it is negative. This shows
that the direction at which rotation influences the flow
crucially depends on the angle between the coastlines.
For clarity, we classify four different kinds of basins,

narrow wedges: 0<a< 1r/4
broad wedges: w/4<a<w/2
super broad basins: w/2<a<3n/4
ultra broad basins: 3r/4<a<m.

The behavior of the outflows spreading in these various
basins is discussed below.

FIG. 2a. The streamfunction of an outflow spreading in a narrow
basin (o < w/4). The flow migrates from the center toward the right
wall (fooking downstream) because the constant cyclonic vorticity is
offset mainly by horizontal shear (see text). Farther downstream the
tendency of the flow to deflect toward the right wall becomes so great
that the fluid cannot cling to the left wall (Fig. 5).
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FIG. 2b. The streamfunction of an outflow spreading in a broad
basin (w/4 < a < 7/2). In contrast to a narrow outflow (Fig. 2a), the
flow migrates toward the left wall because the constant cyclonic vor-
ticity is offset mainly by curvature vorticity (see text). Note that, as
in Fig. 2a, the deflection tendency increases downstream. Farther
downstream the deflection becomes so large that the flow separates
from the right wall (Fig. 5).

a. Narrow and broad wedges

We shall first discuss the regions in the vicinity of
the mouth where the solution (4.3) satisfies both the

BVE du p
ax/ dy
20.01
10.01
1.0—

/4 /2 T «

FIG. 3. The ratio between the rotational induced curvature vorticity
9v,/9x to the rotational induced shear du,/dy as a function of . The
velocities v, and , are defined such that v = uy + v, and u = uy
+ u, where uy and vy are velocities associated with the homogeneous
flow (f = 0). Note that shear dominates narrow basins (o < w/4)
whereas curvature vorticity dominates broad basins (7/4 < «
< w/2).

xY

FIG. 4a. The velocity v;ctors in a narrow basin. Note that shear
dominates, and, therefore, the flow deflects to the right.

conditions at the walls and the radiation condition. In
these regions there is no separation or blocking and
(4.3) is a valid solution to the problem. For narrow
wedges (0 < a < 7/4) the second term in (4.3) is positive
and the outflow deflects to the right (Fig. 2a), whereas
for broad wedges (/4 < a < 7/2) the second term is
negative and the outflow deflects to the left (Fig. 2b).
This peculiar behavior results from the fact that in a
narrow wedge (0 < a < w/4) the vorticity generated by
the spreading is compensated mainly by shear (9u®/
dy), whereas in a broad wedge (7/4 < a < 7/2) the
vorticity is compensated mainly by curvature vorticity
(0v®/0x) (see Fig. 3). As shown in Fig. 4a, cyclonic
shear tends to deflect the outflows toward the right,
whereas cyclonic curvature vorticity tends to shift the
current toward the left (Fig. 4b). Note that the flow
pattern shown in Fig. 2a is consistent with the labo-
ratory experiments of Stommel et al. (1958); unfor-

<>

0.5

2 1l'/3

X)l

FIG. 4b. The velocity vectors in a broad basin. Note that, in contrast
to Fig. 4a, curvature vorticity dominates so that the velocity vector

rotates counterclockwise. Consequently, the flow deflects toward the
left.






