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ABSTRACT

Organized depth discontinuities involving a balance between steepening and dissipation are usually referred
to as shock waves. An analytical “‘reduced gravity” model is used to examine a special kind of shock wave. The
wave under study is a depth discontinuity associated with a transition between a supercritical and subcritical
flow in a channel. Even though the wave itself is highly nonlinear, the adjacent upstream and downstream fields
are exactly geostrophic in the cross-stream direction. For this reason we term the wave a geostrophic shock
wave. We focus on a stationary shock wave whose horizontal projection is a straight line perpendicular to the
side walls, Solutions for the entire field are constructed analytically using power series expansions and shock
conditions equivalent to the so-called Rankine-Hugoniot constraints.

It is found that, for particular upstream conditions, a geostrophic shock wave can be formed if the particle
speed exceeds the surface gravity wave speed (i.e., the flow is “supercritical”). Specifically, in addition to su-
percriticality, a stationary geostrophic wave requires the upstream velocity to have a particular structure which
depends on the strength of the shock and the channel width. When the latter condition is not met, a shock
wave is still possible, but its adjacent fields will not be geostrophic and its shape will correspond to an *“S” rather
than a straight line.

Being the only known analytical solution for the entire field of shock waves on a rotating earth, the geostrophic
shock provides useful information on the wave structure. For instance, it is shown that even though momentum
is conserved across the shocks, relatively large changes in potential vorticity take place. For depth discontinuity
of O(1) (i.e, high “amplitudes”), there is a generation of potential vorticity that is also of O(1). Such a phenomenon
does not occur on a nonrotating plane where the (zero) potential vorticity is always conserved across shocks.

The above considerations imply that the oceanic potential vorticity may be altered through the action of
shock waves in channels and passages. Possible application of this theory to various oceanic situations is mentioned.
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1. Introduction

The occurrence of shock waves in nonrotating river

flows is well studied and documented (e.g., Lighthill,
1978; Stoker, 1957). The shock can be either propa-
gating (“tidal bore”) or stationary and is associated with
a sudden and violent change in depth accompanied by
a local energy loss. It is generated when a shallow su-
percritical flow (i.e., a flow with a speed greater than
the gravity wave propagation rate) suddenly “jumps”
into a deeper, less energetic subcritical flow (i.e., a flow
with a speed smaller than the gravity wave propagation
rate). .
Many oceanic channels have flows with particle
speeds exceeding the Kelvin wave speed [e.g., the Med-
iterranean outflow (Armi and Farmer, 1985), the flow
in the Vema Channel (Hogg, 1983)]. It is, therefore,
desirable to extend the known theories for nonrotating
channels to large-scale flows subject to the influence
of the earth’s rotation. Having such a unified theory at
hand may help to explain the sudden depth changes
observed in the lee of various sills [e.g., the Denmark
Strait (Bainbridge, 1976, page 9)].

The development of a unified theory for shock
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waves! is not at all straightforward, because once ro-
tation is introduced to the problem, the number of
directions along which there are nonzero pressure gra-
dients increases from one to two (Figs. 1 and 2).
Namely, the problem is not only highly nonlinear, it
is also two-dimensional. We shall see that despite these
difficulties, it is possible to obtain analytical solutions
for rotating shocks; before describing them in more
detail, however, it is useful to discuss some previous,
related work.

The most closely related work is the numerical so-
lutions of Pratt (1983), which address shock waves
generated by the presence of a sill in a rotating channel.

! Many authors do not discriminate between a depth discontinuity
on a nonrotating plane and a discontinuity on an fplane and term
both phenomena a hydraulic jump. While this is certainly acceptable,
the author prefers to use the expression shock wave, jump or bore
for such phenomena on a rotating earth. This is.because the traditional
use of the word hydraulic has been mainly reserved for manmade
structures (The Oxford English Dictionary, 1971, s.v. “hydraulic™)
which are relatively small. As a point of general interest, it is men-
tioned that the word hydraulic was originally used in Greek to describe
a kind of musical instrument played by means of water.






