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ABSTRACT

Organized depth discontinuities involving a balance between steepening and dissipation are usually referred
to as shock waves. An analytical “‘reduced gravity” model is used to examine a special kind of shock wave. The
wave under study is a depth discontinuity associated with a transition between a supercritical and subcritical
flow in a channel. Even though the wave itself is highly nonlinear, the adjacent upstream and downstream fields
are exactly geostrophic in the cross-stream direction. For this reason we term the wave a geostrophic shock
wave. We focus on a stationary shock wave whose horizontal projection is a straight line perpendicular to the
side walls, Solutions for the entire field are constructed analytically using power series expansions and shock
conditions equivalent to the so-called Rankine-Hugoniot constraints.

It is found that, for particular upstream conditions, a geostrophic shock wave can be formed if the particle
speed exceeds the surface gravity wave speed (i.e., the flow is “supercritical”). Specifically, in addition to su-
percriticality, a stationary geostrophic wave requires the upstream velocity to have a particular structure which
depends on the strength of the shock and the channel width. When the latter condition is not met, a shock
wave is still possible, but its adjacent fields will not be geostrophic and its shape will correspond to an *“S” rather
than a straight line.

Being the only known analytical solution for the entire field of shock waves on a rotating earth, the geostrophic
shock provides useful information on the wave structure. For instance, it is shown that even though momentum
is conserved across the shocks, relatively large changes in potential vorticity take place. For depth discontinuity
of O(1) (i.e, high “amplitudes”), there is a generation of potential vorticity that is also of O(1). Such a phenomenon
does not occur on a nonrotating plane where the (zero) potential vorticity is always conserved across shocks.

The above considerations imply that the oceanic potential vorticity may be altered through the action of
shock waves in channels and passages. Possible application of this theory to various oceanic situations is mentioned.
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1. Introduction

The occurrence of shock waves in nonrotating river

flows is well studied and documented (e.g., Lighthill,
1978; Stoker, 1957). The shock can be either propa-
gating (“tidal bore”) or stationary and is associated with
a sudden and violent change in depth accompanied by
a local energy loss. It is generated when a shallow su-
percritical flow (i.e., a flow with a speed greater than
the gravity wave propagation rate) suddenly “jumps”
into a deeper, less energetic subcritical flow (i.e., a flow
with a speed smaller than the gravity wave propagation
rate). .
Many oceanic channels have flows with particle
speeds exceeding the Kelvin wave speed [e.g., the Med-
iterranean outflow (Armi and Farmer, 1985), the flow
in the Vema Channel (Hogg, 1983)]. It is, therefore,
desirable to extend the known theories for nonrotating
channels to large-scale flows subject to the influence
of the earth’s rotation. Having such a unified theory at
hand may help to explain the sudden depth changes
observed in the lee of various sills [e.g., the Denmark
Strait (Bainbridge, 1976, page 9)].

The development of a unified theory for shock

© 1986 American Meteorological Society

waves! is not at all straightforward, because once ro-
tation is introduced to the problem, the number of
directions along which there are nonzero pressure gra-
dients increases from one to two (Figs. 1 and 2).
Namely, the problem is not only highly nonlinear, it
is also two-dimensional. We shall see that despite these
difficulties, it is possible to obtain analytical solutions
for rotating shocks; before describing them in more
detail, however, it is useful to discuss some previous,
related work.

The most closely related work is the numerical so-
lutions of Pratt (1983), which address shock waves
generated by the presence of a sill in a rotating channel.

! Many authors do not discriminate between a depth discontinuity
on a nonrotating plane and a discontinuity on an fplane and term
both phenomena a hydraulic jump. While this is certainly acceptable,
the author prefers to use the expression shock wave, jump or bore
for such phenomena on a rotating earth. This is.because the traditional
use of the word hydraulic has been mainly reserved for manmade
structures (The Oxford English Dictionary, 1971, s.v. “hydraulic™)
which are relatively small. As a point of general interest, it is men-
tioned that the word hydraulic was originally used in Greek to describe
a kind of musical instrument played by means of water.
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FIG. 1. A schematic diagram of a rotational shock wave in a rect-
angular channel. The current is flowing underneath an infinitely deep
passive layer. The stationary coordinates are x; and y,; x and y are
the coordinates in a system moving with the shock. The coordinates
n and s are normal and tangential to the shock; they correspond to
a pure rotation of the moving coordinate system at P. Solid arrows
denote flow direction and “wiggly” arrows denote propagation.

Pratt’s (1983) analysis, which considers a flow touching
both channel walls, has demonstrated that (i) the pres-
ence of rotation does not prevent the initiation and
generation of shock waves, and (ii) the jumps are
formed in a similar fashion to nonrotating shocks. An
additional closely related study is that of Nof (1984)
who considered shock waves in a separated current
(i.e., a flow touching only one of the channel walls). In
that study, shocks resulting from a sudden increase in
the upstream depth (and transport) have been exam-
ined analytically by connecting the far upstream and
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downstream fields without solving for the immediate
vicinity of the shock.

There are two important differences between the Nof
(1984) study and the geostrophic shock considered in
the present paper. The first difference is associated with
the fact that in the separated current the direct con-
nection between the far upstream and far downstream
fields implies that it is necessary to adopt a closure
condition on the speed or the potential vorticity. For
the channel case, on the other hand, we shall find so-
lutions for the entire field so that no closure condition

“will be necessary. The second difference between the

two investigations is that, in the separated case, the
shocks must always be moving, whereas in the channel
case, the shocks can also be stationary.

In addition to the investigations mentioned above,
there have been a number of numerical studies which
examined the evolution of rotating shock waves in the
atmosphere. Among these studies are those of Hough-
ton and Kasahara (1968), Houghton (1969), Williams
and Hori (1970) and Parrett and Cullen (1984). While
these investigations are informative, they do not deal
directly with the problem considered in this paper—
where a supercritical geostrophic flow “jumps” to a
subcritical geostrophic flow. With these investigations
in mind, we shall return now to our discussion of the
geostrophic shock.

The particular approach that we shall use to solve
for the geostrophic shock can be described as follows.
We shall apply the nonlinear shallow water equations
for a layer and a half. Friction will be neglected every-
where except within the shock itself. Across the shock,
momentum and mass are conserved and conditions
similar to the so-called Rankine~-Hugoniot constraints
are to be satisfied. These conditions imply that energy
must be lost within the shock and that potential vor-
ticity may or may not be conserved. Three points
should be made regarding the potential vorticity. First,
Yamagata (1980) argues that potential vorticity can be

FI1G. 2. A schematic three-dimensional view of the rotational shock
wave shown in Fig, 1. Note that there are two transition zones in the
immediate vicinity of the shock; one corresponds to an adjustment
of the upstream unidirectional flow to the two-dimensional shock,
and the other is a readjustment to a unidirectional flow downstream
(see Fig. 3a).
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FI1G. 3a. A detailed view of a shock wave in a rotating channel and its neighboring
transition zones. The upstream flow U adjusts in region 1 to a two-directional flow
ahd the associated S-shaped shock; the fluid crosses the shock without any sliding as
shown by the two small solid arrows. In region 2, the fluid readjusts to a unidirectional
downstream state (). Note that the length scale of the transition zone is the deformation
radius. The channel width is smaller than the deformation radius so that the interface
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always intersects the side walls.

conserved across rotating shocks. Nof (1984) being, at
the time, unaware of Yamagata’s study, has also sug-
gested that in a separated current, potential vorticity
is probably conserved. Second, Pratt (1983) has nu-
merically found that, in some of his experiments, there
are very small changes in the potential vorticity across
the shocks. Third, we shall see that, surprisingly, geo-
strophic shocks of O(1) involve a large increase in the
potential vorticity.

Particular attention will be given to stationary shock
waves (i.€., waves whose propagation tendency has been
arrested by advection), and we shall see that even for
such relatively simple shocks the solution is quite com-
plicated. Instead of specifying the upstream conditions
and deriving the downstream flow and the shock shape,
which is the traditional procedure for such problems,
we shall specify the shock shape and derive the appro-
priate conditions upstream and downstream. We shall

shock

(a)

see that, in general, as pointed out by Pratt (1983), a
shock in a channel has an “S” shape (Figs. 1, 2 and 3)
which is perpendicular to the channel walls. Hence,
the general problem of a rotating shock wave in a
channel involves a region where the flow across the
channel can be as large as the flow along the channel.
Namely, the flow in the immediate vicinity of the shock
is not necessarily geostrophic.

For our case, we choose the shock shape to be a
straight line and the flow to be unidirectional every-
where. This implies that, even in the immediate vicinity
of the shock, the upstream and downstream flows are
exactly geostrophic in the cross~-channel direction (Fig.
4). The above is demonstrated analytically using the
relationships associated with conservation of mass and
momentum across the shock and a power series ex-
pansion in ¢, the ratio between the channel width and
the Rossby deformation radius. Much of the discussion

shock

(b)

FIG. 3b. Schematic diagram of sliding along the shock (a). Such a situation is impossible because

1 = 1 = 0 along section 4B so that by (2.1) A*

= h~ (along 4B) meaning that there is no shock.

_Consequently, particles can only change their direction as they cross the shock (b). Adapted from

Nof (1984).



MAy 1986

FIG. 4. A schematic three-dimensional view of the geostrophic
shock wave. In contrast to the more general shock shown in Figs. 1,
2 and 3a, the geostrophic shock is a straight line (perpendicular to
the channel walls) free from adjacent transition zones; the flow is
unidirectional and geostrophic everywhere.

is devoted to a detailed examination of the change in
potential vorticity across the shock. After presenting
this analysis, we shall consider an application of the
theory to the deep water flow in (i) the Windward Pas-
sage, (i1) the Vema Channel and (iii) the Denmark
Strait. Several observations suggest that, in these chan-
nels, stationary shock waves may be present.

This paper is organized as follows. We begin by for-
mulating the problem for a steadily translating shock
(section 2) and discussing the shock conditions. We
then present the general solution for a geostrophic
shock which follows directly from the shock conditions
(section 3) and proceed with a presentation of the
asymptotic expansion and the detailed solution (section
4). The analysis of the solution is given in section 35
and our results are discussed and summarized in sec-
tion 6.

2. Formulation

Consider again the system shown in Figs. 1, 2 and
3. An inviscid current with a density (p) is flowing
underneath an infinitely deep fluid with a density
(p — Ap) [or on top of an infinitely deep current with
a density (p + Ap) (not shown)]. We shall consider two
main coordinate systems, a fixed coordinate system
whose axes (x, and y,) are directed along and across
the channel, and a coordinate system traveling with
the shock (x, y). Both systems rotate uniformly at f72
about the vertical axis (z). We seek the conditions under
which the current’s upper interface can somewhere
“jump” to a higher or lower depth. Namely, we are
looking for the properties of the current which will
allow a depth discontinuity to occur. In general, the
shock can be propagating upstream or downstream be-
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cause of the two walls. Note that, as mentioned earlier,
in this respect the behavior is very different from that
of the separated shock considered by Nof (1984) where
only downstream propagation is possible.

For the general problem, the upstream conditions
are given; namely, the speed U and the depth D are
known. As pointed out by Pratt (1983) and Nof (1984),
the Rankine-Hugoniot conditions for shocks on a ro-
tating earth are

wr + o =+ £0r e

hruful = hmugus (2.2)

huy = huy 2.3)
where n and s are coordinates normal and tangential
to the shock at some point (P) (Fig. 1), the minus and
plus superscripts denote that the variable in question
1s associated with cross sections behind (n = —§, £ —
0) and ahead (n = £, £ — 0) of the shock, u, and u, are
the normal and tangential velocities at P, g’ is the “re-
duced gravity” (gAp/p), and # is the depth. Note that
(2.1)-(2.3) were obtained by integrating the momen-
tum and continuity equations across the shock so that
they correspond to a local balance at all points along
the shock. Also, note that the conservation of momen-
tum across the shock essentially implies that the force
of the flow on the two sides of the shock is identical.
This must be the case, unless the shock has a finite
width and there is some kind of bottom stress. For a
general discussion of the conservation of momentum
and mass across shocks see, for example, Courant and
Friedrichs (1948), Stoker (1957) and Lighthill (1978).

A number of comments should be made regarding
(2.1)~(2.3). First, note that (2.1)-(2.3) are valid only
for a steadily moving shock and that u, and u; are the
speeds as viewed from a moving coordinate system.
Second, it is worth mentioning that since (2.1)~(2.3)
are associated with a simple rotation of the moving
coordinate system (Pratt, 1983; Nof, 1984), u, and u;
are the normal and tangential velocities measured at
various points along the shock. They differ from the
normal and tangential speeds frequently used in natural
coordinate systems whose origin is located at a fixed
point along a given curve. Third, it should be pointed
out that (2.1)-(2.2) correspond to conservation of mo-
mentum across the shock, whereas (2.3) reflects the
conservation of mass. Fourth, as pointed out by Pratt
(1983), a shock in a rotating channel must be perpen-
dicular to the channel walls. Also, as shown by Nof
(1984), no sliding along the shock can take place be-
cause sliding implies that #; = ©; = 0 along some
section along the shock. Such a situation is impossible
because for u; = u, = 0, (2.1) implies that there is no
shock (see Fig. 3b). Finally, for each particle, the energy
loss across the shock is
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G~ — G* = g'(h* — k) /4l h* (2.4)

where G = g'h + u?*/2 is the Bernoulli function. Note
that G is the energy of a particle so that the total energy
flux is AuG. Since A*tu*t = h™u", the total energy loss
is hu(G~ — G'*). As shown by Pratt (1983), the change
in the potential vorticity is,

e S[-(9)] e

where the stream function ¢ is defined by

9 oy
3s unh; n ush.

Relation (2.4) implies that there must always be an
energy loss within the shock and that particles should
always enter the shock from the low depth area and
emerge at the larger depth region. On the other hand,
(2.5a) indicates that potential vorticity is not necessarily
lost nor is it necessarily conserved across the shock.
We shall see later that for our geostrophic shocks there
will actually be a relatively large gain in the potential
vorticity.

Relations (2.1)-(2.5a) indicate that the general
problem of a shock wave in a rotating channel consists
of a curve with an S shape across which there is an
energy loss. The flow in the vicinity of the shock is
two-dimensional in the sense that there are variations
in depth across the channel [i.e., # = A(x, y)] and the
cross-channel velocities are of the same order as the
long channel speed (see Fig. 3). In addition tc these
complications, the general problem is, obviously, non-
linear because the abrupt depth changes across the
shock give rise to an important contribution from the
nonlinear terms [see (2.1)).

To solve the general problem, one needs to find the
shock shape and propagation speed for given upstream
conditions. This procedure involves matching of two
transition zones—the upstream and downstream re-
gions (adjacent to the shock) where an adjustment from
a unidirectional flow to two directional flows is taking
place (Fig. 3). The equations for these regions are the
usual shallow water equations, so that we have

(2.5b)

ou; a
U g—h—O

U; ™ +v — fv; + (2.6)
u,§£+ -Qli+f(u,+C)+ga~]1=0 2.7

x ay
(h ;) + (h v)=0 (2.8)

where i = 1, 2 correspond to the upstream transition
zone and the downstream transition zone, fis the Co-
riolis parameter, u; and v; are the velocity components
in the x and y direction, and C is the propagation rate.

The complete problem consists, then, of finding the
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solution in the two transition zones with the shock
conditions providing the matching conditions. Because
of the nonlinearity and the need to find the shape of
the shock as part of the problem, the general case ap-
pears (to the author) to be intractable analytically. For
this reason, we shall simplify the general problem and
take the following approach.

Instead of specifying the upstream conditions and
looking for the shock shape and the solutions for the
transition zones, we shall specify the shock shape and
then look for the associated upstream conditions. We
shall consider the simplest possible shock shape which
satisfies the shock conditions—a straight line perpen-
dicular to the channel walls. In addition, we shall re-
quire the velocity to be parallel to the channel walls
everywhere (see Fig. 4). These simplifications eliminate
the need to calculate the shock shape but, more im-
portantly, they also eliminate the existence of the tran-
sition zones (see Fig. 3a) because whatever the flow a
distance £ (where £ — 0) upstream of shock is, it can
be extended to the far upstream area. Requiring the
shock shape to be a straight line perpendicular to the
channel walls, and the flow to be unidirectional, implies
that the flow is geostrophic everywhere (except inside
the shock, where the flow is unspecified).

In addition to these simplifications, we shall focus
our attention on stationary shocks, i.e., shocks whose
propagation tendency has been arrested by advection.
One can visualize various situations that can lead to
such a state. For example, if an obstacle is suddenly
introduced into a supercritical flow, then a shock wave
which propagates upstream will be generated. This up-
stream propagation can be arrested if the upstream flow
is as fast as the shock speed. We shall see in the next
section that the above simplifications enable one to
construct analytically tractable solutions.

3. Governing equations for the geostrophic shock
a. The simplified shock conditions

For a unidirectional flow with a shock whose pro-
jection on the x, y plane is a straight line (i.e., ug
= u; = 0), the shock conditions (2.1)-(2.3) reduce to

3.1
3.2)

DU? + ¢'D?/2 = hu* + g'h?*/2
DU = hu

where all the variables are now a function of y alone
[ie., D = DY), U= U(y), h = Wy), and u = u(py)].
Since our upstream and downstream fields are not a
function of x, we have, for simplicity, changed our no-
tation in such a way that U and D denote the speed
and depth for all x < 0 (see Fig. 4) and u and 4 are the
speed and depth for x = 0. It is important to note that,
although the general distribution of U and D is un-
known, the upstream conditions near the wall [i.e.,
D(0), U(0)] are given.
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For convenience, we introduce the following non-
dimensional variables:

U= U/U©); = uUQ);
D = D/D); h = h/DO),
Fr = U(0)/[g'D(0)]/%, Ro = U(0)/fb

where Fr and Ro are the Froude and Rossby numbers
and b is the channel width.

In terms of (3.3), the simplified shock conditions
(3.1)-(3.2) are

Fr2D(U)? + (D)2 = Fe2h(ii)? + (h)%/2
DU = gh.
Elimination of 7 between (3.4) and (3.5) gives,

(3.3)

3.4
(3.5)

h — D)B h)? + %) h - Frzzi(Uy] =0. (3.6)
Similarly, elimination of /4 between (3.4) and (3.5)
gives,

(i — O)FrPUD®)? — (D)*2 — (DY0/2] =
(3.7)

The nontrivial solutions of (3.6) and (3.7) satisfying
the condition of 4 > 0, are

= {[(D)* + 8 F2D(U)}'/? — D}/2
= {D + [(D)* + 8 Fr2D(U)2'*}/4 Fr2U.

(3.8)
3.9

For an energy loss to occur within the shock, we must
requlre h > D [by (2.4)] which, together with (3.8),
gives the criticality condition

(D) + 8 Fr2D(U)Y}? = 3D
or

Fr? = D)UY~

(3.10)

This relationship implies that, in order for a shock to
occur, the “local” Froude number U(y)/[g’D())]'"?
must be larger than unity everywhere across the chan-
nel. Namely, it must be larger than unity for a// y. Note
that for D = U = 1 [i.e., no variations across the chan-
nel, or equivalently, no rotation (' = 0)], (3.8), (3.9)
and (3.10) reduce to the familiar relationships for non-
rotating jumps (e.g., see Stoker, 1957),

h=1[(1+8FH~1]2
4=+ + 8 Fr?)"?]/4 F.

(3.11a)
(3.11b)

b. The geostrophic shock

So far we have only used the shock conditions; i.e.,
we have taken into account that the shock shape is a
straight line and that the flow is unidirectional every-
where. However, the variables must also satisfy the field
equations (2.6)-(2.8), which for a unidirectional flow
reduce to the geostrophic relationships,
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Fr? . dh
—u=—— 3.12
Ro“™ " &5 (3.122)
F? - D
—U=—-—. 3.12b
Ro v ay ( )

By taking the derivative of (3.8) with respect to y,
considering (3.9) and (3.12) one can form a single dif-
ferential equation for the upstream depth,

s on aD)
&(D)* + 8¢ D( 5
. 0D 17T oD
+ el:éz(D)2 + 8D(6_)3) :| [ D + 2(6y) :|

D . 0D D D\ 8D

S hen 5 o[(5) +0(5) 5] -

6y{€D6y ap 99 ) 977
(3.13a)

where we have introduced a new nondlmenswnal vari-
able,

e = Fr/Ro = b/R,. (3.13b)

Hence, ¢ measures the strength of the rotation or,
equivalently, the width of the channel. Note that, so
far, no approximations have been made so that (3.13a)
is the exact governing equation for the geostrophic
shock. In addition, note that, usually, ¢ < 1 because
otherwise (i.e., € > 1) the flow would intersect the floor
rather than the side wall.

Equation (3.13) is subject to the boundary condi-
tions,

D=1; =0 (3.14a)
(—92 =—¢Fr; =0 (3.14b)
ay

which state that the depth and speed at the right wall
are given. In addition to (3.14), the solution should
satisfy,

which state that the depth is always positive and that
there is no negative flow.

In the next section, we shall introduce a power series
expansion in ¢ since € can easily reach values as high
as 0.5 for many oceanic channels, we shall include high
order terms in our expansion.

4. Asymptotic expansion

To solve (3.13), we assume that the solution possesses
a power series expansion in e,

D=1+eDV+ DD+ DY+ - o
U=1+UY+eUu®+ ..., (4.2)

where the basic state (i.e., ¢ — 0) corresponds to no
rotation or, equivalently, a channel with an infinites-
imal width (6 — 0).

(4.1)
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The relationship between (4.1) and (4.2) is found by  The solution satisfying (4.5) as well as the O(e) terms

expanding the geostrophic relationship, in (4.3) and the boundary condition (4.4) is
G—__L D DY = —Fry. (4.6)
o ¢ Fr oy With the aid of (4.6), we find that the O(e*) balance of
which gives (3.13) i

27 1(D 3p7@ 4 .
¢t eUTH eUTS L +6F2+ (1 + 8 F)X1 + 2 Fr?)

1 (oD LoD '
= — — + & 2D
Fr(‘ ¥y ¢ & ‘ ~8Fr' ~ 16 F2 - = 0. (47)
oD@ ) Y '
+ & 3 + .. ) (4.3) Similarly, one finds that the O(¢’) balance is
y
: (2)
In addition, our variables should satisfy the upstream —2 Frj) — 6 Fr[z — + Frzjz]
wall conditions (3.14), which imply ay
M) = DO = DQY= +-- =0 7= D@
b0 = D(0) = D™(0) 0; =0 +(1+8 Frz)"z[ Fry— 4 Fr 2
UMQ) = U(Z)(o) = U‘3)(0) =...=0; 7=0. (4.4 9y

Substitution of (4.1) into our general differential equa- A 6D‘2’
tion for the upstream field (3.13) shows that the O(1) + (l +2Fc) |+ 32 Fc
terms are automatically satisfied and that there are no

2 N(2) (2) 2 (3)
terms of O(e) or O(¢?). 16{6 D [ o e ] e 22 } =
The O(¢®) balance is, _ a7 r ay y? 0
oDV [al)(l) azD(l):I 0 @) (4.8)
ay Loy oy? ‘ ' and the O(¢®) is found to be -

(3 (2)

) 9 (2)
oD _FD<2>)+Q-(zFrz L9 )]
ay 9y

(Fr2$ + 2DP) + 6[—Fr(2

oy
A, AIZ) ( Frp aD<2>) (aD<2>)2 aD<3>}
= —-— + D? + —) —4F
X (1 + 8 Fr?) {(2 2 (1 + 2 Fr?) + 4, % T T
aD® dD\? FDPTaDp@ (4D aDp®
o] (<o re22) 1 22 - 1R A (2 ) — (e 22
8F[ o5 )\ o5 57 Loy \ap Y P25
23 2) D@
+‘—9—D—[ 2FraD( —F3ﬁ:|+Fr2 D } 0 (4.9)
) ay ay?
where the functions 4; and A, are given by
D?
4, = {—2 Fry + 8[ 2 Fr aay - Fﬁﬁ]}/(l + 8 Fr?) (4.10a)
aDP\: D@ aD®
Ay = {Frzﬁz +2D@ + 8[( % ) ~2Fr 5 +2 FrzyTy— 4 FrzD(z’]} X (1 + 8Fr3)™!. (4.10b)

Note that, as mentioned earlier, the high order terms are needed because in the actual ocean e can easily reach
values as high as 0.5. -
While being algebraically involved, the solutions of the above equations are straightforward and one ultimately
finds
D =1— e Frj + €4;5%2 + E4,9%16 + #459%/12 + - 4.11)

U= 1— edsp/Fr — E4,5%/2 Fr — E4sp*/3 Fr + - - -, (4.12)

The functions 43, 44 and 45 are given by
Ay =[1 + 8 Fr2 + (1 + 8 FrH)2(1 + 2 Fr?) — 2 Fr¥(1 + 4 Fr?)]/16 Fr? (4.13a)






