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ABSTRACT

This paper supplements an earlier article, by Nof and Olson, on the nonlinear flow through broad gaps. In
that paper, the steady inviscid transport through a gap located on the left-hand side of a boundary current has
been computed. When the gap is located on the right-hand side, instead of the left-hand side, the Nof and Olson
solution breaks down because of a singularity at the upstream edge of the gap. The singularity is associated with
an infinitely negative pressure resulting from the fact that particles make a “U” turn as they pass through the
gap. The present study focuses on these special singular cases.

To avoid the singularity, the use of the integrated moment of momentum is adopted because with an appropriate
choice of a coordinate system, the contribution of the unknown force (associated with the singularity) to the
integrated torque vanishes. This enables one to construct analytical solutions which give the transport through
the gap as well as the force associated with the singularity. It is found that a separated current (i.e., a current
bounded by a surfacing interface) is always sucked in its entirety into the gap no matter how wide the gap. As
in the Nof and Olson study, this result is valid for broad gaps (i.e., gaps whose width is of the order of the
deformation radius). For very broad gaps (i.e., much larger than the deformation radius), a perturbation scheme
provides an approximate solution which is independent of that derived by the integrated moment of momentum
technique. This solution also shows that a separated current is completely sucked into the gap. In view of these
solutions, it is concluded that a separated boundary current flowing along a wall with a series of gaps is always
sucked into the first gap that it encounters.

Application of this theory to the Unimak Pass, which connects the Gulf of Alaska with the Bering Sea, is
considered. Using historical data, it is shown that the locations and positions of the currents located near and
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at the Pass agree with the model predictions.

1. Introduction

Recently, attention has been drawn to the flow
through passages that, unlike many sea straits, do not
have a channel-like structure. Instead, their geometry
resembles a gap separating two thin walls so that the
fluid spends very little time as it flows from one basin
to another (Nof and Olson, 1983, hereafter NO; Tou-
lany and Garrett, 1984).

The steady solutions of NO provide a method for
computing the pressure-induced transport through gaps
whose width is comparable to the deformation radius.’
They left, however, a number of important questions
unanswered. In particular, one wonders why the NO
solution breaks down for passages that are located on
the right-hand side of the approaching current. This is
an important question because the NO model, as it
stands now, is not applicable for passages such as the
Unimak Pass which is situated to the right of the
southwestward flowing current in the Gulf of Alaska
(Fig. 1). The purpose of this study is to find the solution
for currents associated with such passages and to further

! By “comparable” we mean that the gap width can be, say, one
third of the deformation radius or twice the deformation radius.
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investigate the question of why the NO solution fails
for gaps located on the right-hand side.

Although an attempt has been made to make this
paper self-contained, frequent references to NO are
made and the reader who is interested in the detailed
development is advised to look at NO before reading
the present paper. The reader who, on the other hand,
is merely interested in the results can go directly to the
summary.

Consider the following situation as an idealized for-
mulation of our probiem (see Fig. 2). Two unbounded
basins are separated by an infinitely long wall which
contains a gap. The two parts of the wall represent the
land masses separating the Gulf of Alaska from the
Bering Sea. The wall on the left represents the Aleutian
Islands west of the Unimak Pass and the wall on the
right represents the Alaska Peninsula. It will become
clear later that the fact that the Aleutian Islands chain
contains more than one gap will not affect our general
results. This may seem, at first, to be unnatural but it
is a direct result of the condition that the flow through
broad gaps is independent of their width.

The inner basin (Gulf of Alaska) contains two layers
of which only the upper is active; the outer basin (Ber-
ing Sea) contains, initially, a single motionless layer.
Later on, two layers will be present in both basins.
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FI1G. 1. Location of the Unimak Pass relative to the Aleutian Islands and the Alaska Peninsula
(adapted from Canadian Hydrographic Service, 1979). In our model, the Alaska Peninsula and

the Aleutian Islands are approximated by long
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FIG. 2. Schematic diagram of the model’s initial conditions. The
current flows in the inner basin and the gap is blocked by a gate so
that there is no flow from one basin to the other.

thin walls. Depth contours are given in meters.

Initially, the two basins are separated by a gate ex-
tending from the free surface to the interface. The cur-
rent in the inner basin is flowing in such a way that
the gap is located on its right-hand side (looking down-
stream). Our aim is to determine the steady flow that
will be present after the gate is removed and an initial
period of adjustment has been completed.

Because of the walls’ location and the associated be-
havior of Kelvin waves (see Fig. 3 and NO), it is ex-
pected that the upstream structure will not be altered
(see Fig. 4). Under such conditions the situation is sim-
ilar to Case I of NO with a negative initial current. For
this particular case, the NO solution breaks down (see
their Fig. 8 with negative flow and their discussion in

(outer basin)

no Kelvin Kelvin
(2)  waves X waves (1)
(3) Kelvin 1 no Kelvin (4)
waves Gate y waves

(inner basin)

FIG. 3. Schematic diagram of the model’s various regions. Since
Kelvin waves require a wall on their right-hand side, no Kelvin waves
can penetrate into regions (2) and (4), so they remain unaltered.
Regions (1) and (3) are the only ones affected by the removal of the
gate and the subsequent flow from the inner basin to the outer (cf.
Buchwald and Miles, 1974).
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FIG. 4. Schematic diagram of the final steady state for the model
under study. The flow in region (4) is the same as the initial flow
because no Kelvin waves can reach it. Similarly, region (2) is unaltered
and remains stagnant. Note that particles make a sharp *U” turn as
they enter the outer basin. In addition, note that the manner in which
the penetrating flow separates from the left wall is not important for
our analysis as long as the depth (in the outer basin) vanishes along
the edge.

the end of Section 3) because the fluid in the vicinity
of the right wall turns sharply backward as it enters the
outer basin (see Fig. 5).

Under such conditions, the situation in the vicinity
of the upstream edge resembles the one occurring in
the nonrotating flow around a sharp plate (e.g., Batch-
elor, 1967, p. 411). As the edge is approached, the dis-
tance between adjacent streamlines goes to zero so that
the velocity becomes infinite (Fig. 6). Consequently,
the Bernoulli function [i.e., 1(u* + v*) + p/p = BWY),
where u and v are the horizontal two dimensional ve-
locity component, p the pressure, p the density and ¢
is a streamfunction defined by 8¢/8y = —uh, d}y/dx
= vh (where h is the upper layer depth)] implies that
the pressure is infinitely negative.

As a result, the limit of the integral along the up-
stream edge,
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b

lim f pdy

b—0 J-b
(where 2b is the wall’s width) does not vanish so that
there is a force acting in the direction parallel to the
walls even though the wall’s width is infinitesimal. This
additional force, resulting from the singularity of “right-
hand side gaps,” is not included in the integrated mo-
mentum equation used by NO and, consequently, their
solution is not valid for such cases. It is important to
note that the singularity is represented by an infinitely
negative depth at the gap’s upstream edge. It will affect
all the relations and equations which involve the vari-
ables at the upstream edge (e.g., the integrated mo-
mentum equation) but it will not affect those relation-
ships which are not directly related to these particular
variables (e.g., the integrated continuity equation).

To avoid the effect of the singularity, we shall use
the integrated moment of momentum instead of the
momentum. It turns out that, for an origin located at
the upstream edge of the gap, the contribution of the
unknown force to the integrated torque vanishes so
that we may obtain the desired information. To verify
the results obtained this way, we shall look for some
additional computational methods. For this purpose,
we shall focus on very broad gaps (i.e., gaps whose
width is much larger than the deformation radius but
still smaller than the upstream current width) and use
a perturbation scheme instead of the integrated mo-
ment of momentum. It will be demonstrated that the
two methods provide the same answer as should, of
course, be the case.

After the solutions are presented and analyzed in
detail, the results are compared to the observed trans-
port in the Unimak Pass and the currents in its vicinity.
We shall see that, as in the Windward Passage case,
the predicted results agree with the location and direc-
tion of the observed flows.

This paper is organized as follows: The formulation
of the problem is briefly discussed in Section 2; for a
detailed discussion the reader is referred to Section 2
of NO. The general solution, which is derived with the
aid of the integrated torque, is presented in Section 3,
and that derived using the perturbation scheme in Sec-
tion 4. The applicability of the model to the Unimak
Pass is considered in Section 5, and Section 6 sum-
marizes this work.

2. Formulation
a. General

Consider again the system shown in Fig. 2; the model
is frictionless, hydrostatic and nondiffusive. The origin
of our coordinate system is located at the upstream
edge of the gap. The x and y axes are oriented across
and along the gap (respectively) and the system rotates
uniformly at f/2 about the z axis. The initial current
in the inner basin is flowing at speed U(y); its depth is



1724
(outer basin)
A B
AR —~ — — —— G
- -

(inner basin)

INITIAL STATE

(outer basin)

—>
—;:-;C-B—-.-_—

(inner basin)

FINAL STATE

(a)

JOURNAL OF PHYSICAL OCEANOGRAPHY

VOLUME 15

(inner basin)

- -
A
f— —— — —Bf—
Wall Gate Wall

(outer basin)
INITIAL STATE

(inner basin)
-—

— ——

(outer basin)

FINAL STATE

(b)

FIG. 5. Schematic diagram of a current with a gap on its right-hand side (left panel), and a current
with a gap on its left-hand side (right panel). In (a), the fluid curves sharply backwards as it passes
the gap making a sharp “U” turn, whereas in (b) entering particles correspond to an “S” shaped
streamline. Situation (b} corresponds to NO whereas situation (a) corresponds to NO with a negative

initial flow.

D(y) and its width is L [i.e., D(L) = 0]. We define the
deformation radius on the basis of the initial current
near wall depth (D,,); namely, R; = (g'D,,)'/*/f, where
g’ (the “reduced gravity”) is defined by gAp/p. For
convenience, we shall take an initial current with uni-
form potential vorticity f/D,,. Hence, we have

_br
D,

—_ 'aD.

D U
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y
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FIG. 6. A diagram of the streamlines corresponding to particles
making a “U” turn in the immediate vicinity of a sharp corner. This
situation corresponds to a “close-up™ of the gap’s upstream edge
(point B, left panel, Fig. 5). As the edge is approached, the spacing
between adjacent streamlines becomes smaller and smaller; when the
origin is reached, the distance is infinitesimal so that the velocity
becomes infinitely large. Hence, the Bernoulli principle implies that
pressure becomes minus infinity.

which give,
U= 1 U. (e.V/Rd + e—y/Rd) Osys<
2 w ]

L
(e¥/Rd — e—Y/Rd)] i
0

l U,
= 2.1
D=D,)1 /R, (2.1

<y<L

where U, is the initial current speed near the wall [i.¢c.,
U, = U(0)]. Note that at y — o0 and y — —oo, the
level of the free surface is identical. The width of the
initial current, L, corresponds to the location where
D=0,

L = Ry In[(g'D,)'"?/U, + (g'Du/U + 1)']. (2.1a)

Note that, for many flows of practical interest, the term
in the square brackets is considerably larger than unity
[i.e., U, < (g'D,)"*] so that L is, at least, several de-
formation radii. Furthermore, for a nonseparating cur-
rent (i.e., a current whose lower interface never strikes
the free surface, D > 0) the width L goes to infinity
even though the decay length scale is the deformation
radius. It will become clear later that our choice of
uniform potential vorticity is strictly a matter of con-
venience. Similar results will be found for currents with
nonuniform potential vorticity.

It is expected that after the gate is lifted and the
initial period of adjustment has been completed, the
flow from region 4 (Fig. 4) will split into two branches;
one will enter region 1 in the outer basin and the other
will continue in the inner basin and enter region 3.
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The conditions in regions 2 and 4 will remain identical
to those that we have started with because there is no
mechanism by which momentum can be transferred
to them. Our aim is to determine how the splitting is
taking place—namely, to find out how much fluid flows
in region | and how much fluid enters region 3.

b. Governing equations and boundary conditions

Due to conservation of potential vorticity and the
fact that away from the gap the flow is one-dimensional
we have,

6u,-

— — -+ f=hfIDy; i=1,3 2.2)
dy

fu;=—g'dh;/dy; i=1,3 (2.3)

where i = 1, 3 corresponds to regions 1 and 3, respec-
tively. The boundary conditions for regions 1 and 3
are,

hy =0, y=—v (2.4)

["—2‘2- + g’h,:Lo = %’ﬁ + gD, @.5)

[”_3 + g’h3] e 2.6)
2 y=0 2 y=—7

h3y=0; y=1; (2.7)

Uslymy; = U, (2.8)

where U, is the known velocity along the approaching
current edge [i.e.,, U, = U(L)]. Conditions (2.4) and
(2.7) reflect the fact that the interface surfaces (at lo-
cations which must be determined as part of the prob-
lem) whereas (2.5), (2.6) and (2.8) correspond to con-
servation of energy along the edges and the walls.

It should be stressed that (2.5), (2.6) and (2.8) cor-
respond to conservation of energy along specific
streamlines. Namely, it is assumed here that there are

DORON NOF AND SEA HYUCK IM
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streamlines connecting the upstream region (region 4)
with regions | and 3. If, for whatever reason, one of
the streamlines, which bound the upstream region from
left and right, does not connect the regions under dis-
cussion then the boundary conditions should be
changed accordingly. For example, as pointed out by
NO, the unphysical trivial solution for the problem at
hand is the one corresponding to no flow through the
gap. Clearly, for this case (2.5) cannot be satisfied be-
cause there is no flow in region 1 and, consequently,
there is no streamline along the right wall in the outer
basin. Namely, (2.5) and (2.6) should be replaced by

U2
[i u? + g'hs] =—+g
2 o 2

because the streamline that originates near the wall
upstream does not extend beyond the inner basin; it
connects the upstream region with the left wall down-
stream (see Fig. 4).

'Dw

¢. Constraints

The first constraint results from continuity (Fig. 4)
and, as in NO, can be written in the form,

L - 3
f UDdy = J; ulhldy + J; U3h3dy. (29)
0

It will become clear later that, as in NO, this condition
is automatically satisfied because we have applied the
Bernoulli principle to the edges of the currents so that
we have, in fact, stated that the edges are streamlines.
Note that since (2.9) does not involve any variables
within the gap itself, the singularity has no effect on it.

In contrast to (2.9), the integrated momentum
equation will be affected by the singularity because it
involves variables within the gap. To illustrate the
properties of the singularity, we shall first consider a
right wall with a finite width (2b) and a smooth round
edge (with a radius r = b as shown in Fig. 7). We
shall then take the limit (of the desired expressions) as

FIG. 7a. Schematic diagram of the integration area for both the momentum equation
and the moment of momentum. Because of the singularity at the upstream edge, we
initially take the upstream wall to have a finite width, (2b) and a smooth round edge.
The details of the gap upstream edge (i.e., the area bounded by the dashed dotted

circle) are shown in the Fig. 7b.
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.FIG. .7b. A close-up of the region bounded by the dashed dotted
circle in Fig. 7a. The round edge position is given by x2 + y? = 42,

b — 0 and return to the original geometry that we have
started with (i.e., an infinitesimal right wall as shown
in Fig. 4). By following the steps taken by NO, one
finds that integration of the x momentum equation
over the area shown in Fig. 7 gives,

——f huvdx + f hutdy — fﬁ#dy
s s Js

+5fh2dy=0, (2.10)
2 Js

where ¢ is the boundary of the integration area (i.e.,
the dashed line in Fig. 7). Next, we define the stream-
function Y to be zero along CB, multiply the geo-
strophic relationships for regions 1, 3 and 4 by their
associated depths, and integrate in y to find,

fn =3 ghs? @11

Fs=38hi+cs; A=3gD+C (212)

where ¥ corresponds to the streamfunction associated
with the initial current. Since the left edges of regions
3 and 4 (i.e., the lines where 43 = D = 0) correspond
to the same streamlme we immediately find that,
c=C. (2.12a)

Using these relationships, and noting that along a
streamline udy = vdx, we can simplify (2.10) to,

B E G
J. hlulza'y + J- h3u32dy + f DUzdy
A D F

5 .
+ [f (g’h2/2)dy] =0 (2.13)
b y=(2-x)112

'

F

JOURNAL OF PHYSICAL OCEANOGRAPHY

VOLUME 15

where the last integral represents the force exerted on
the right wall (i.e., F is the integrated pressure acting
on the round edge).

The equation is similar to the integrated momentum
equation used by NO except for the last term (which
vanishes in the NO case). It is obvious that when the
width b is finite, the force F is also finite because the
depth along the round edge (4) is not zero. One im-
mediately concludes that for a wall with a finite width
we cannot use (2.13) to connect the upstream and
downstream fields even if the edge is smooth. The up-
stream and downstream fields can be connected with
the aid of (2.13) only if F — 0 as b — 0. This was the
case in the NO study because in their gaps 4 is always
finite along the edge. It has been pointed out earlier,
however, that for our present case, h — —c0 asb— 0
so that the integral is finite! Namely, because of the
infinitely negative pressure at the upstream edge, the
force F does not go to zero when b does.

In summary, we can say that the integrated mo-
mentum equation (2.13) does not provide any useful
information for our case because, no matter what con-
figuration one is considering, there is always a force
acting on the upstream wall. When the wall has a
smooth round edge and a finite width, the force simply
results from the fact that the depth does not vanish
near the upstream edge. When the wall width goes to
zero the pressure goes to minus infinity implying that
there again is a finite force acting on the wall.

Despite these difficulties with the integrated mo-
mentum equation, it is possible to connect the up-
stream and downstream fields without solving for the
flow within the gap itself. We shall shortly see that this
can be done by considering the moment of momentum
because the unknown force corresponding to the sin-
gularity has no torque relative to the origin. To show
this, we consider again the integration area shown in
Fig. 7. The moment of momentum equation is ob-
tained by considering the cross product of the position
vector and the momentum equation; it gives,

av+v§—+fu) (u-a—-l-v%—fv)

é)x 0 0. ay
oh oh

LG, 2.14

+xgay yg'5-=0. (2.14)

Integration of (2.14) over the volume of the regipn
bounded by ¢ and consideration of the continuity
equation gives,

f f [% (huvx — hu®y) + % ()chtt}2 — huvy)
i —_ _a_ — i ’ 2
+ i ) oy (fxy) o (&'yh'/2)

+ %(g’xhzﬁ)]dxdy =0. (2.15)
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By using Stokes’ theorem, (2.15) can be written as,

f (huvx — Py + i — g'vh*/2)dy

- f (xhv* — huvy — oy + g'xh*/2)dx = 0. (2.16)

This equation can be further simplified by noting that:
1) h = 0 along CB and EF (Fig. 7); 2) udy — vdx = 0
along a streamline; 3) ¥ = 0 along DCB; 4) v = 0 along
AB, DE, FG, GH and Al; and 5) u = 0 along HI. Using
these relationships and (2.11) and (2.12), one finds,

1
[ e - gwriay + v - gy

A

+ _[ (fy — g'xh*/2)dx
B D

- f hyu’ydy — f (g'xh’/2)dx
A C
E

+ J;) (—h3us?y + s — g'vhi?[2)dy
F

+ L M ydy — xdx)
G

+ J; (—DU? + fy¥ — g'yD*/2)dy

H
+ f (g — g'xh*2)dx =0 (2.17)
G .

where the contribution of the force acting on the round
upstream edge to the integrated moment of momentum
is represented by the first integral. It is easy to show
that this term is identically zero for all b = 0 because
the integral is taken along the path x* = §* — y?
x = 0, so that xdx + ydy = 0. This implies that the
force on the round edge has no torque relative to the
origin. With this special condition in mind, we can
easily take the limit of (2.17) as b — 0. Specifically,
because of the vanishing torque, the limit of (2.17) as
b — 0 does not involve any new considerations and is
essentially trivial. The only difference between the
b — 0 case and the finite width case is in the location
of points G, H, I and A. By considering (2.12) (2.12a),
the geometry of the problem and the fact that ¢ = ¢;
= C along EF, one finds that (2.17) can be written as,

A B
fl (o — g'xh?*/2)dx — f hyu2ydy
A
1 D E F
-3 f g'xhdx — f hausydy — f Suxdx
C D E

G H
- f DU%dy + L (S — g'xh?/2)dx = 0 (2.18)
F
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where the width b is now zero so that we have returned
to our original configuration (Fig. 4). This integrated
moment of momentum equation contains the un-
knowns associated with the far fields (regions 1, 3 and
4) as well as variables in the transition regions (i.e., the
areas in the immediate vicinity of the gap). In view of
this, we cannot simply eliminate the unknown variables
associated with the far fields (i.e., u,, Ay, v, u3, hs,
v3) from the governing equations (2.2), (2.3) and (2.18).
However, as we shall see in the next section, we can
derive the desired solutions simply by inspection, It
will become clear shortly, that for downstream solu-
tions that one may guess, one can examine all of the
terms in (2.18) and, hence, one can determine whether
or not the “guessed” solution is valid. This cannot be
done with the integrated momentum (2.13) (and its
limit as » — 0) because of the unknown force acting
on the upstream edge (F).

3. Solution
a. General solution for regions 1 and 3

The solutions satisfying (2.2) and (2.3) are

u; = Ae¥®d + Be VR =13 3.0
A; B;

h; = Dw(l — —L ¥R 4 e—y/Rd) s i=1,3(3.2)
JRy fRy

where A; and B; are constants to be determined from
the boundary conditions and constraints. Substitution
of (2.4)-(2.8) into (3.1) and (3.2) gives five algebraic
equations,

Ay B,
=— ¢ Y1/Ra . —_ ew/Ra (3_3)
JRy JRy
45 . By _
] = —= "3/Rd _ = e v3/R4 3.4
SRy SRs (34)
(4, + B\Y’/2 + (8'D,)A(B; — 4,) = U2 (3.5)

(A3 + B3)*/2 + (¢'Dy)'"[By — A3 + (8'D)"]
= (4,e7" R 4 BiemiRaR[2 (3.6
Aze™/Ri 4 BigviRe = J, 3.7)

which contain six unknowns 4,, B, A3, B3, Y1, ¥3.
An additional condition is, therefore, necessary and,
as already mentioned, this is provided by the integrated
moment of momentum.

For convenience, we rewrite (2.18) in the form,

D H
- % j; g'xhdx + fc (fxy — g'xh*/2)dx
A F
4 [ o = g = [ v

— II(4,; 435 By; B33 v15v3) =0 (3.8)






