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ABSTRACT

The behavior of an isolated pair of vortices consisting of two eddies sitnated on top of each other in a
three-layer ocean is examined analytimlly. The amplitud&s of both eddies are high and, consequently, the
two eddies behave as one unit and migrate together in the ocean. For this reason, it is proposed to call the
system joint vortices. The eddies are of equal or opposite sign; each vortex is situated in a different layer so
that there are two active layers and one passive layer.

Attention is focused on the behavior of joint vortices on a slopmg bottom in the deep ocean and on a 8
plane in the upper ocean. That is, we consider deep joint eddies situated on an inclined floor in the lowest
two layers of a three-layer ocean and upper joint eddies in the upper two layers. Special attention is given
to the cases where one of the vortices is a lens-like eddy. Approximate solutions for slope (or 8) induced
drifts in the east-west direction are obtained.

It is found that because of the high amplitudes and the resulting nonlinear coupling, the joint eddies have

. a mutual drift which is very different from the drift that each individual vortex would have. For example,

while each individual vortex translates to the west in the absence of a conjugate vortex, the combined vortices
may drift steadily to the east. This bizarre behavior stems from the presence of a “planetary lift” which is
the oceanic equivalent of the side pressure force associated with the so~called Magnus effect. 1t is directed at
90° to the /eft of the drifting eddies.

Other results of interest are: (i) Under some conditions, the westward drift of joint eddies consisting of two
cyclonic vortices is much faster than the long-wave speed. Such fast drifts contradict previously held
contentions that the speed of cyclonic eddies cannot exceed the long wave speed. (ii) As it translates westward,
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Joint Vortices, Eastward Propagating Eddies and Migratory Taylor Columns

an anticyclonic lens-like eddy can carry a Taylor column on top of it.
Possible application of this theory to various eddies in the ocean is discussed.

1. Introduction
a. Background

The dynamics of planetary vortices received much
attention in recent years mainly because of the rec-
ognition that they play a major role in the transfer
of energy, heat and nutrients (e.g., The Ring Group,
1981; Hogg and Stommel, 1985). This transfer is, at
least partly, a result of the eddies’ self-propulsion
mechanisms, i.e., their ability to migrate without any
external assxstance An important self-propulsxon
mechanism i$ believed to be a result of the variation
of the Coriolis parameter with latitude. Consequently,
there have been a large number of both numerical
and analytical attempts to determine the influence of
g on the eddy’s behavior (e.g., Warren, 1967; Flierl,
1977; McWilliams and Flierl, 1979; Mied and Lin-
demann, 1979, 1982; Davey and Killworth, 1984;
Killworth, 1983; Nof, 1981, 1983b; Shen, 1981;
McWilliams ez al.; 1981).

The attempts focused on various kinds of eddies,
among them the so-called “Modons”. These were
introduced in the 1970s (Stern, 1975) as a means of
simplifying the actual problem to a pair of adjacent
vortices of equal strength and opposite sign. The
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direct applicability of the Modon to the ocean is
somewhat limited mainly because of the lack of
observations which clearly display the existence of
adjacent eddies with opposite sign and equal strength.
There is little doubt, however, that much has been
learned from the introduction of the Modon mainly
because of the various processes that can easily be
examined with its aid.

In this paper we shall introduce a somewhat similar
concept to the Modon. We shall look at the behavior
of a system consisting of two vortices (with high
amplitudes) situated on top of each other in a three-
layer ocean. We term these eddies joint vortices
because of the high amplitudes which “lock” the
vortices to each other forcing them to translate to-
gether as one unit. In contrast to the Modon which
includes two vortices of equal strength and opposite
signs, the two eddies forming the new system are not
necessarily of equal strength nor are they necessarily
of opposite sign.

We shall consider three different systems of joint
eddies. The first (system I) corresponds to deep ocean
eddies situated on an inclined ocean floor; the second
and third (systems II and III) correspond to upper
ocean eddies subject to the influence of 8. System II
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corresponds to a lens situated above a cyclonic or
anticyclonic vortex and system II corresponds to a
lens situated underneath a cyclonic or anticyclonic
vortex. For clarity, we shall first consider system I
which, as it turns out, has the simplest solution. The
solutions for systems II and III will be later derived
on the basis of the—by then known—solution for
system 1.

b. Method of solution

The general method of solution for system I is
similar to that described in Nof (1983a,b). That is,
solutions for steadily drifting systems will be sought.
We shall see that, although in the absence of a
conjugate vortex each individual vortex translates
steadily with the shallow water on its right side (i.e.,
“westward”’), the joint vortices may translate with
shallow water on their left (i.e., “eastward”). This
unusual behavior is a result of the nonlinear coupling
and the presence of a side pressure force which we
shall call “planetary lift.” It pushes the system to the
left of its migratory direction. Much of the discussion
is devoted to a detailed examination of the planetary
lift and its relationship to the other forces acting on
the system. An equivalent lift was found by Nof
(1983b) to be of crucial importance for the migration
of single isolated eddies. We shall see that this lift is
also of crucial importance for the joint eddies and,
for this reason, a thorough analysis of its properties
is presented.

With the aid of the solution for system I, we shall
proceed and present the solution for the somewhat
more complicated situations (systems II and III). The
general solution and balance of forces for these systems
is quite similar to those of system I but the detailed
solution is considerably more complicated. It will be
shown that, in a similar fashion to deep ocean eddies,
a lens with conjugate cyclonic vortex underneath can
travel toward the east.

¢. Applications

With the aid of the solutions for the three systems,
we shall proceed and discuss the possible applicability
of the model to various oceanic situations. For in-
stance, we shall consider the possibility that the warm
core rings north of the Kuroshio, which have been
observed to move toward the northeast (rather than
toward the west), can be represented by joint eddies.
In addition, we shall examine the possibility that a
special case of system III—a lens at middepth and a
Taylor column on top—is relevant to the movement
of intermediate eddies. In particular, we shall consider
the so-called “Meddy” which is a lens containing
water of Mediterranean origin “sandwiched” between
two deep layers (e.g., see McDowell and Rossby,
1978).
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d. Structure

Although an attempt has been made to make the
present paper self contained, frequent references to
Nof (1983a,b) are made. The reader who is interested
in the detailed analysis is advised to look at Nof
(1983a,b) before reading the present paper. On the
other hand, readers who are interested only in the
results may go directly to Table 1 (Section 8) and the
summary.

This article is organized as follows: In Section 2
the model corresponding to system I is formulated
and in Section 3 the general solution is given. Section
4 contains a detailed analysis of the solution for
system I and Sections 5 and 6 contain the solutions
for systems II and III. In Section 7 the behavior of
migratory Taylor columns is discussed. The applica-
tions and limitations of the various models are dis-
cussed in Section 8 and Section 9 summarizes this
work.

2. Formulation for system I (deep ocean eddies)

Consider the three-layer system shown in Fig. 1.
Initially, our system consists of a lens-shaped eddy
situated over a flat oceanic floor underneath a con-
jugate eddy (cyclonic or anticyclonic). The manner
in which this system is set up is not important for
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Fi1G. 1. Sketch of the initial basic state corresponding to system
I. The joint vortices consist of two eddies situated on top of each
other in a three layer ocean. Note that such a combination of
eddies can be formed by the meandering of a system of currents
shown in Fig. 2. The upper layer is infinitely deep (i.e., H — o0)
1o is the radius of eddies, and Ap, and Ap, are the density differences
between the layers. Initially, the system is circular and stationary
because the bottom is flar.
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the present analysis but one can imagine that a
system of two currents which became unstable could
probably lead to such a combination (see Fig. 2). The
strength of the conjugate eddy is not necessarily equal
to that of the lens-shape eddy. The joint eddies and
their surrounding waters are overlaid by a very deep
upper layer which is taken to be at rest. Obviously,
the joint eddies are initially stationary because there
are no driving forces.

Suppose now that at some time (say, ¢ = 0) a small
uniform ‘slope (s) is introduced to the floor. Imme-
diately afterwards the joint eddies will start drifting
because of (i) the gravitational force which tends to
pull the blob toward the deep ocean and (ii) the
slope-induced vortex force (i.e., the force similar to
B). It is expected that, after an initial period of
adjustment of O(f)~! (where f; is the Coriolis param-
eter), the eddies will migrate together as one unit
because of the lens’ high amplitude which traps the
conjugate eddy. Namely, because of the large ampli-
tudes, separation of the eddies from each other will
introduce gross changes and large distortions in their
structure. It is assumed that this cannot happen since
the imposed perturbation (the bottom slope) is small
so that the response should also be small. Note,
however, that during the adjustment the eddies could
move a distance of O(g's/fo>) ~ O(S}) [where
S = (sl;/H), I, is the eddy’s length scale and g’ is the
“reduced gravity” (gAp;/p)] relative to each other so
that, in the final adjusted state, their centers do not
necessarily coincide (Figs. 3 and 4).

Our aim is to find the joint eddies drift after the
initial adjustment has been completed. For this pur-
pose, consider the deviations of the hydrostatic pres-
sures from those corresponding to a state of rest,

Apa = 20018 2.1)

App = £5ilp g + (hy + sy — 2)ghp, (2.2)

Apc = £2Ap18 (2.3)
(P_Apt)

>

H  (p)
® (P+A'°2)
WW

FIG. 2. Schematic diagram of two currents which, upon
meandering, can produce the joint vortices under discussion.
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where the points A, B and C correspond to the
conjugate vortex, the lens, and the exterior fluid (Fig.
3). Here, £ is the upper interface vertical displacement
(measured upward from the undisturbed depth), A,
is the lens depth, g the gravitational acceleration, and
Ap; and Ap, are the density differences between the
intermediate layer and the upper and lower layers,
respectively. The subscripts “i” and “e” indicate that
the variable in question is associated with the “inte-
rior” (i.e., the conjugate eddy) and the “exterior”
(i.e., the fluid surrounding the system). Our coordinate
system is located at the center of the blob and is
moving with the vortices at (the assumed steady)
speed C; the y axis is pointing uphill, the x axis is
oriented along the isobaths and the system rotates
uniformly about the vertical axis (2).

With the aid of (2.1)~(2.3) the equations of mo-
mentum and continuity for the lens can be written
in the form,

ou, ~ du, _‘95_2_ ”a_hl

g tug — Jov; = —¢' ax o 2.4)
ul% + v %;—)‘-+ﬁ)(u1 + C)

_ _g,gfyz g — g ‘1’;‘ 2.5)

a—a)—c(hlul) + ;%(hlvl) =0 (2.6)

where g’ = gAp,/p, g = gAp2/p, and u, and v, are
the horizontal two-dimensional velocity components
[ie, 1y = w(x, ¥), v; = vy(x, )] in the x and y
direction. Note that s, is well defined everywhere
because #; = 0 inside ¢; = 0 and h; = O outside
¢ = 0.

For the conjugate vortex situated above the lens
the equations are,

SRR
2i Ax + 23] ay féUZI =—& dx (2-7)
avzi 81)2i f aEZi
Ui ax Uy ay ﬁ)(u2l + C) 4 ay (2 8)
0 a
o (haitezs) + 3y (haivzi) = 0, (2.9)

where A,; is the conjugate vortex depth (see Fig. 3).

Similar equations hold for the fluid surrounding
the vortices (i.e., the exterior) but, we shall see later
that, it is more convenient to use the potential
vorticity and Bernoulli integral,

+ ﬁ) = h2e KZ(‘PZe)

6DZe 6u2c

ax 3y (2.10)

S (3 + 027) + g + oCy = Golre)  (2.11)
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FIG. 3. Schematic diagram of the model for system I. The eddy structure under discussion
results from a slope that was introduced to the system shown in Fig. 1. The “wiggly” arrow
indicates migration; dashed lines denote the isobaths. The interface displacement £, is measured
upward from the undisturbed depth; the vortex above the lens is referred to as the “interior”
(denoted with the subscript “i”’) whereas the region surrounding the system is termed the
“exterior” (denoted with the subscript “e”). Note that the centers of the two vortices do not
necessarily coincide because, during the adjustment which followed the introduction of the
slope, the eddies could move a distance of O(S/;) relative to each other. It will become clear
later that this relative movement does not enter the first-order approximations.
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conjugate eddy
boundary ¢, =0

FIG. 4. A detailed view of the eddies’ projection on the x, y

plane. The curves ¢; = 0 and ¢, = 0 correspond to the lens and
conjugated eddy boundaries, respectively. They are not necessarily
circular but their departures from a circular geometry is not more
than ~O(Sr,). The symbols (a), (b) and (c) denote the mutual
projection of the eddies, the projection of the strip occupied by the
conjugate eddy alone and the projection of the strip occupied by
the lens alone, respectively.

where K, = dG,/d{,. and the stream function ¥, is
defined by

Wie _

al)(/2(3
- eh e =
x| e Ty

= —UeMye.

(2.12)

Note that (2.10) is the steady potential vorticity
equation and that the dependence of Ky(¥) on G,(¥)
was first recognized by Charney (1955). The functions
K>(¥2e), Ga(¥2) are found from the upstream condi-
tions,

= —C, X — o0
Ve 0, X — 0
Yo = CH(y — Yp), Xx— ©
he = H — sy, X— o
to be,
Ky(¥2e) = fo/(H? — 24e8/C — 2HYps + Y452
(2.13a)
Gal¥ae) = 3 C* + oCHs = foCUH?s?
— 2y /Cs — 2HY, /s + Y02)1/2 (2.13b)

where, for convenience, we have defined ¥, to be
zero along the streamline separating the conjugate
vortex from the environment [i.e., ¢»(x, ¥) = 0] and
Y, is the—yet unknown—Ilatitude from which Yy,
= 0 originates (Fig. 3). The reader who is not familiar
with the determination of K,(¥) and G(¢) from some
known upstream conditions is again referred to Char-
ney (1955) where a similar analysis is made.
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Since friction is absent from our problem, pressure
is the only mechanism which allows communication
between the various regions. Consequently, we have
the following matching conditions along the free
separating streamline:

£ = &2e5 $ax,») =0 (2.14)

Vai =¥ = 0; ¢ax, ) =0 (2.15)

Relation (2.14) reflects the continuity of pressure
whereas (2.15) assures that the boundary is a stream-
line of both the vortex and the surrounding fluid.
For convenience, we also define,

Y1 =0 along ¢x,y)=0 (2.16)
where

g d

aiyl = —hy; 5\% = 0,h.

3. General solution for system I
a. Balance of integrated forces

To obtain the solution, (2.5) and (2.8) are multiplied
by h, and Ay (respectively) and then integrated over
their corresponding areas. This gives

ff [—H (v, ) + E (hlvl ) — fo 9

@)+

th

+ ﬁ)Chl]dxdy =—g f f hy 3—% dxdy
(a)+(©)

14
- g ff [Shl +3 » (h,)z]dxa'y (3.1a)

(a)y+(©)

a
f f [ (A2iti0i) + (hzlvzl fo %l

(a)+(b)

+ ﬂ,Chz,]dxdy— —g' f f hy 52', (3.1b)

(a)+(b)

where the continuity equation has been used to
express the nonlinear terms and we have introduced
the stream function,

W .

= —tihy; 2 = Vg
3y Uiy O 2if12i

3.2)
The symbols (a), (b) and (¢} denote the various
regions as shown in Fig. 4.

Equations (3.1a) and (3.1b) can be simplified by,
(i) using Stokes’ theorem to express the surface inte-
grals (which include derivatives with respect to x and
y) in terms of contour integrals, (ii) noting that
h = 0 along ¢, = 0, and (iii) recalling that, since the
edge is a streamline, uydy = vydx along ¢, = 0. One
ultimately finds,
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JoC f f hydxdy

@+

—g' ff hl——dxa'y g's ff hidxdy (3.3a)

(@)+(c) (@)+c)

iC f f hydxdy = —g' f f Iy afz'd dy. (3.3b)

(a)+(b) (@)+(b)

JoC ff (hy + hy)dxdy + foC ff hydxdy

(@)+(b) ©
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Note that at this stage of the development, it is
difficult to give a simple physical identification of all
the terms in the equations. Some terms correspond
to the Coriolis force associated with the migration,
others correspond to the lens gravitational force, the
vortex slope force and the pressure exerted on the
vortices by the surrounding fluid. There are also
some mixed terms and, for this reason, we shall give
our physical interpretation later on after the structure
of the equations is considerably simplified. We proceed
now by adding (3.3a) and (3.3b) which, since #; = 0
outside ¢, = 0, gives

=—g J.f (h +h2,) 9 dxdy g"s ff hidxdy — g ff hy Eze dxdy.

(a)+(b)

(a)+(c) ()

This equation can be further simplified by using Stokes’ theorem again which gives

#C ” (hi + hy)dxdy + foC ”h dxdy = g'H (ﬁ

(@)+b)

(a)+(b)

§xdx +§2_ 4) &rldx

(a)+(b)

+gs ff y £2'cixa’y g"s ff hydxdy — gffhl EZCdxa’ 3.4)

(a)+(b)

(a)+(c)

Using the matching conditions (2.14) and (2.15), and the Bernoulli integral (2.11) and (2.13), Eq. (3.4) can

be written as

ie [[ (H+£2,~sy)dxdy+”(oc+g «29&2,

(a)+(b)

C
= (f) [7 + fC(Yo — ») — 2 (u2e2 + chz)](H — sy)dx + 29
24

(a)+(b)

Note that, so far, no approximations have been made
so that (3.5) corresponds to an exact balance of forces
in the y direction.

b. Perturbation analysis

To simplify the structure of (3.5), the following
nondimensional scaled variables are introduced,

x* =x/ly; y* =y/l; ut = u/Roifoli;
vf =0 /Roifoli Ry = (g'H)"/fo;
* = C/Rofol; Y8 = Yo/l

ufe = the/Rofoly; V3 = v2e/RQle)ll;

ht = h/H h%= hy/H;, &= ¢£i/H,
. =6/H, S= sﬁl‘ (3.6)

)hdxdy+gs ff hdxdy + g's ff Eydxdy

(ay+(c) (a)+(b)

c? ’
P[5 +hctro—» -3 w2 + 0] ax

(a)+(b)

1

3.5)

Here, /, is the lens size, R, the internal deformation
radius, and Ry, is the lens’ Rossby number. For deep
ocean eddies we take, /;, ~ 30 km, R; ~ 10 km,
s~ 1073, f5 ~ 1074 s7!, Ryy ~ 0.3, u; ~ O(10) cm
s™!, H ~ 500 m, Ap/p ~ 107% and g's/fo ~ 0(1) cm
s~!. In view of these, we shall focus our attention on
the following scales,
(x*, y*¥) ~ O(1); (uf, v, uf, v%) ~ O(1)
S< 1, (C* uk, v8) ~ O(S); Y§ ~ O(1)
g~ 0l & ~ O(S)
(¥, hE) ~ O(1); (L/Ra) =1
Roi <15 Rou(l1/Ra)* ~ O(1). (3.6a)

In terms of the variables defined by (3.6), the
governing equation (3.5) is,
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f y*dx*dy*
(@a*+c*)

+& (Rm)(R") f f Hrdxrdy* + 5 ( le)( )52 ” htd *dy*

R01 ~ Rm

= (CH*+ CHY§ — y¥)

(a*+b*)

[(uf)* + ”2e)2]}(1 — Sy®dx*

Roi [ ! g
v B (ke + (g)ers - » -T2 (Liasr + orrf a6

(a*+b*)

where, in nondimensionalizing the second term on
the left-hand side of (3.5) [which is the fourth term
on the left-hand side of (3.7)], it has been taken into
account that the integral is to be computed over a
narrow strip near the lens’ edge. That is, since the
area of (c) is ~O(S/,%) we have introduced the scales

ht. = h/H x¥ = x/Sl,

&

where the subscript ‘“‘c” denotes association with

region (c) (see Fig. 4).
It is further assumed that the dependent variables
can be expanded in a power series, 1.e.,

C* = SC® + S2CO + . . .
W= O+ ShO 4 ..

= Sh® + S @ + -« -
B=560+8H0+
1w = S + S ® 4 e

vE = S0 + S, P + - .. (3.3)
f dx*dy*
(a*+b*)
o ([ aevs [[ avae e
(a+b)® (a+b))

It is assumed, then, that the structure of the migrating
joint vortices does not differ much from the circular
and stationary structure that the joint vortices had
on the flat floor before the slope was introduced.
Note that (a* + b*), (a + b)® and (a + b)®
correspond to the conjugate vortex nondimensional
area, the area that the conjugate eddy would have on
a flat bottom and the perturbed area (respectively).

Substitution of (3.8) into (3.7) and collecting terms
of O(S) gives

o ||

(a+b)0

(1 + £ O)dx*dy*

A

SRl
+ {2 )(Be Oddx*dy*
(ROI L & Y

(a+b)0)

W

+g—,(—)( ) f f hOdx*dy*
g \Ro

(a+b)(0)

J

.

C
—-SCc®

(a+b)®

D

It will become clear later that the terms A, B, C, and
D are the integrated Coriolis force acting on the
whole system (i.e., the lens and its conjugate vortex),
the slope-induced vortex force, the gravitational force
associated with the lens and the pressure force exerted
on the eddy by the surrounding fluid, respectively.
Simple manipulations show that Eq. (3.9) can be
reduced to

e (G Jf e

(a+b)0

( ) jf hQdx*dy* + O(S) (3.10)
(a+b)®
which in dimensional form is

—g's f f Exdxdy — g's J. f hydxdy
o | [ Eadeay

+ O(S?) = y*dx + O(S?) (3.9)

gRon

C~

3.1







