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ABSTRACT

Shock waves are discontinuities (in the physical properties of a fluid) which behave in an organized
manner. The possibility that such waves may occur in oceanic boundary currents is examined with a
nonlinear two-layer analytical model. Attention is focused on separated boundary currents (i.e., light currents
whose lower interface strikes the free surface or heavy currents whose upper interface intersects the floor)
with zero potential vorticity. The shocks result from an increase in the upstream transport; they correspond
to abrupt and violent changes in depth and velocity accompanied by a local energy loss. Nonlinear solutions
for steadily translating shocks are constructed analytically by connecting the upstream and downstream fields
without solving for the complicated region in the immediate vicinity of the shock.

It is found that, while stationary shocks are impossible, steadily propagating shocks can always occur.
There are no special requirements on the boundary currents in question and the only necessary condition
for steadily advancing shocks to occur is that the upstream depth is increased. Once formed the shocks
propagate downstream at a speed greater than that of a Kelvin wave associated with the increased up-
stream flow.

Possible application of this theory to the Mediterranean outflow is discussed. For this purpose, the results
of the two-layer model are extended to a three-layer model corresponding to a wedge-like boundary current
“sandwiched” between two infinitely deep layers. With the aid of this model it is suggested that the abrupt
changes in temperature and depth observed in the Mediterranean outflow are a result of a shock wave
advancing downstream. The observed changes in this region are so abrupt and violent that no other known
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kind of wave can explain them.

1. Introduction

Abrupt and violent property changes advancing in
an organized fashion are usually referred to as shock
waves. They involve nonlinear effects and correspond
to a balance between steepening and dissipative effects.

Examples are the waves genecrated in air by an
aircraft which exceeds the speed of sound (“sonic
booms™), the steep water waves propagating in rivers
due to high tides (“tidal bores™) and the large discon-
tinuous waves observed in the lee of obstacles (“hy-
draulic jumps™). The existence of these shock waves
in rivers and atmospheres has been known for a long
time and, consequently, they have been studied ex-
tensively both analytically and experimentally (see
e.g., Lighthill, 1978; Stoker, 1957; Whitham, 1974).
The structure of oceanic flows in the vicinity of
continents and the fact that Kelvin waves steepen
(Bennett, 1973) suggest that shocks, or jumps,' are
likely to be present in the ocean as much as they are
present in rivers and atmospheres. The purpose of
this paper is to point out that this is indeed the case
and to illustrate that some oceanic disturbances are
probably associated with oceanic shock waves.

! Hereafter, we shall follow the common terminology and use
the terms shock waves, shocks, bores and jumps interchangeably.

Our aim in this paper is to develop a general
analytical theory for the behavior of shocks in oceanic
boundary currents. In addition, we wish to examine
the possibility that abrupt changes observed in the
Mediterranean outflow (e.g., Thorpe, 1976; Griind-
lingh, 1981) are associated with an oceanic shock
wave resulting from an increase of the transport
through the Straits of Gibraltar. To do so, we shall
take the following steps. First, we shall consider a
separated boundary current flowing underneath an
infinitely deep layer (or above an infinitely deep fluid)
and examine the conditions under which such a
current can sustain a shock wave (Figs. 1 and 2).
Later on, we shall extend the results of this two-layer
model to a three-layer system and apply it to the
Mediterranean outflow.

We shall follow the general approach of Rayleigh
(1914) who made the first analysis of nonrotating
bores. Namely, instead of examining the complicated
time-dependent problem involving the evolution of
the waves and the ultimate formation of a shock, we
shall focus our attention directly on the final state. It
will be assumed then that the existence of a steadily
propagating shock is an indication that the time-
dependent process does indeed lead to a steadily
propagating jump. It is not obvious that this is the
only possible case because, although there is theoretical
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F1G. 1. Schematic diagram of the initial current; the current has
zero potential vorticity and is flowing along the wall underneath
(a) or above (b) a resting infinitely deep fluid.

evidence for the steepening of long waves (Bennett,
1973; Stern, 1980; Stern et al., 1982), there has not
been any analysis of the case where the wavelength
becomes shorter than the deformation radius. There
are, however, numerical results (e.g., Pratt, 1983;
Williams and Hori, 1970; Parrett and Cullen, 1984;
Houghton, 1969; Houghton and Kasahara, 1968)
which indicate that, under such conditions, rotating
shocks are, in fact, formed. Overall we know today
about waves in separated currents (e.g., Stern, 1980)
as much as Rayleigh knew about waves in nonrotating
currents and it makes sense to follow his approach
and focus directly on the steadily propagating shock.
[As a point of general interest it is worth mentioning
that the detailed time dependent solution leading to
Rayleigh’s steadily translating bore was not found
until more than thirty years later (e.g., see Stoker,
1948; Stoker, 1957).]

We shall see in the first sections that, with the
restrictions mentioned above, a shock wave can always
occur if the upstream depth is suddenly increased
(Fig. 2). The resulting shock wave has its largest
amplitude near the wall. It corresponds to discontin-
uous changes in depth and speed and a gradual
change in the current width. It will be shown that
stationary shocks are impossible and that the shocks
must be propagating at a speed greater than that of a
Kelvin wave associated with both the disturbed and
the undisturbed flow.

With the aid of the two-layer case described above,
it is a simple matter to qualitatively examine the
likelihood of shocks in the offshore section of the
Mediterranean outflow where the outflow is separated
from both the African coast and the sea-bed. For this
purpose, the two-layer case is extended to a three-
layer model consisting of two infinitely deep layers
and a finite intermediate layer. The intermediate
layer corresponds to the separated current which has
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a wedge-like cross section and is leaning against the
wall as it flows northwestward.

Before proceeding and describing our model in
more detail, it is appropriate to make some additional
comments on previous investigations of shock waves
behavior. As already mentioned, the dynamics of
nonrotating shocks received a considerable amount
of attention. The reader is referred to Lighthill (1978),
Stoker (1957), Long (1954), and Whitham (1974)
for discussions of (incompressible) one-dimensional
shocks in rivers and channels. In addition, the reader
is referred to Griffith (1981) for a discussion of shock
waves in other branches of fluid mechanics (e.g.,
large-amplitude acoustic and blast waves, radiating
and laser induced shocks). While these investigations
(as well as the numerical studies mentioned earlier)
are informative, they do not deal direcfly with the
problem considered in this study where a separated
boundary current is subject to a sudden increase in
the upstream depth (and transport). Furthermore, the
lack of analytical analysis prevents a detailed exami-
nation of the fundamental processes associated with
shocks.

The particular approach which will be used to
solve for the steadily translating shock is to connect
the flow behind the shock (upstream) to the flow
ahead of the shock (downstream) without solving for
the complicated nonlinear flow in the immediate
vicinity of the jump. To make such a connection in
a rotating fluid, it is necessary to adopt a closure
condition because otherwise the number of unknowns
exceeds the number of equations (see Pratt, 1983).
We shall see that, for our problem, the most reason-
able closure condition that one can use is related to
conservation of potential vorticity. Specifically, the
potential vorticity will be taken to be . continuous
across the shock, and it will be argued that since a
separated current cannot sustain a Kelvin wave prop-
agating upstream, it is difficult to alter the upstream
vorticity.

With the aid of potential vorticity conservation
and integrated constraints associated with conservation
of mass and momentum it is then possible to obtain
analytical relationships which connect the upstream
and downstream flows. These relationships can be .
combined to a single high-order polynomial which
gives a unique solution for the shock propagation
rate and the other unknowns. Much of the discussion
is devoted to a detailed examination of the shock’s
structure, speed and energy loss. The theoretical
results are then applied to the Mediterranean outflow
and a general comparison to the observations of
Thorpe (1976) is made. ,

This paper is organized as follows. The formulation
of the two-layer problem is presented in Section 2
and the relationships between the fields behind and
ahead of the shock are considered in Section 3. The
solution is presented in Section 4, its analysis in
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F1G. 2. Schematic diagram of the shock wave under investigation. The wave is generated by a sudden increase of the
upstream transport which causes an increase in the upstream depth [shown by the dashed lines in (a) and (b)]. The shock
advances downstream at speed C and corresponds to abrupt changes in depth [as shown in (e) and (f)] and speed. Regions 1
and 2 are located several deformation radii away from the shock so that the flow there is expected to be in geostrophic balance.
Near the shock, however, the flow is two-dimensional and may have large deviations from geostrophy. Straight arrows
correspond to particle speed and “wiggly” arrows denote the shock propagation speed.
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Section 5 and its applicability to the Mediterranean
outflow in Section 6. Section 7 summarizes this work.

2. Formulation

a. General description

As an idealized formulation of the problem consider
a boundary current with a density (p) flowing under-
neath an infinitely deep fluid with a density (p — Ap)
for on top of an infinitely deep fluid with a density
(p + Ap)] as shown in Fig. 1. For simplicity, it is
assumed that the current has zero potential vorticity.
It will be shown later that such a situation is quite
realistic and is not only mathematically convenient;
it also corresponds to water which originates from
great depth as is the case of the Mediterranean
outflow. In addition, it is known that this flow is
stable to small perturbations (Paldor, 1983). Due to
the presence of the wall, the current is one-dimensional
and in a cross-stream geostrophic balance so that

oDy
ay;

where U, and D, are the current speed and depth, f
the Coriolis parameter and g’ is the “reduced gravity”
defined by gAp/p. The x; and y, axes are directed
along and across the stream and the system rotates
uniformly at f/2 about the vertical axis (z;). The
subscript s indicates that the variable in question is
associated with a stationary coordinate system. Later
on we shall transfer the equations of motion to a
moving coordinate system and (in order to distinguish
between the systems and keep our notation simple)
use variables without any subscript. The solution of
the system is

SU =—-¢

FiG. 3a. A three-dimensional view of the shock wave under
investigation. The length scale of the transition zone & is expected
to be of O[(g'D1.)'/f ].
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FiG. 3b. A two-dimensional view of the shock’s immediate
vicinity. For modeling purposes, the shock is viewed as a disconti-
nuity in depth and speed. Within the shock itself the hydrostatic
assumption is violated and there is an energy loss. It is assumed,
however, that outside the shock (i.e., n > ¢ n < —¢; ¢ — 0) the
flow is frictionless and hydrostatic everywhere.

Ul =f.Vs+ Ulw’

2,2 U
D1=D1w_f yf _f ,lw s

2g g

so that the interface strikes the bottom (D; = 0) at a
distance '

U, 1 ,
Li= ="+ 71U’ + 28Du]",

where U, and D,,, are the velocity and depth along
the wall (i.e., U|w = U||y=0; Dlw = D||y=0). Multipli-
cation of the geostrophic relationship by D; and
integration in y, shows that the total transport (7;)
is :

g ,D lw2
T, =—.

i 2 f

Suppose now that the upstream transport is in-
creased in such a way that the upstream flow remains
geostrophic in the cross-stream direction. This implies
that a new depth (D,,,) will be established upstream,

D2w = Dlw(TZ/Tl)l/Z,

where T, is the new transport. With the establishment
of these new upstream conditions we now arrive to
the main question which we will attempt to answer
in this article. Can the new upstream conditions be
somehow connected to the old flow [which is now
present downstream (Fig. 2)] by a transition which
contains a shock wave? To determine whether or not
such a transition (see Fig. 3) is physically and math-
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FIG. 3c. Schematic diagram of sliding along the shock (a). Such
a situation is impossible because u," = #,” = 0 along section AB
so that by (2.19) A* = h~ (along AB) meaning that there is no
shock. Consequently, particles can only change their direction as
they cross the shock (b).

ematically possible we turn now to a detailed exam-
ination of the physical processes active in the imme-
diate vicinity of the shock. Although we shall later
connect the far fields without solving for the imme-
diate vicinity of the shock, it is necessary to examine
the general dynamics associated with the shock’s
neighborhood because we need to determine the
properties which are conserved across the jump.

b. Conservation of properties across the shock

In this subsection we shall examine the processes
related to ‘the conservation of mass, momentum,
potential vorticity and energy. With the exception of
the analysis regarding conservation of energy, potential
vorticity, and the shock’s edge, the subsequent analysis
is equivalent to the classical analysis of one-dimen-
sional. shocks presented by Stoker (1957) and the
analysis presented by Pratt (1983).

Consider a coordinate system moving with the
shock at its own speed C and assume that the shock
is moving steadily without changing its shape and
structure with time. The equations of motion in this
moving coordinates system are obtained by using the
transformations x = x;, — Ct,, y = y,; t = t,;, where,
as mentioned earlier, the subscript s denotes that the
variables are viewed from a stationary coordinates
system and its omission denotes that the variable is
associated with the moving system. For hydrostatic
motions and Ap/p < 1, the governing equations are
found to be,

u u oh
—to——fo=—g — .
e t? 3y fo 8o (2.1)
av dav oh
—_— + — = —o! — .
uax vay+f(u+C) gay, 2.2)
g 0
Ix (hu) + 5 (hv) = 0, 2.3)

where u and v are the depth independent [u = u(x,
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y), v = v{x, y)] horizontal velocity components and
h is the depth. Note that C is positive for a shock
moving in the positive x direction.

Equations (2.1)-(2.3) can be manipulated to give
the potential vorticity equation and the Bernoulli
integral,

dv/0x — dujdy + f = hK(), 2.4)
S+ +gh+[Cy=GY),  (@25)
where K(y) = dG(¥)/dy and
N _ e W
3y~ T 3 Ok 2.6)

Following Pratt (1983) we introduce “natural” coor-
dinates # and s which are perpendicular and tangential
to the shock (see Figs. 2 and 3b). Under these
conditions x = #n cosf + s sinf, y = s cosf — n sind,
where 6 is measured clockwise from the y axis to the
shock. In terms of these new variables, the governing
Egs. (2.1)-(2.6) can be written as

9 (hu,®) + i (husu,) — flus + C sinb)h
on s
_839 .
>3 A, @)
3 .. ,
— (huaus) + — (hus”) + fu, + C cosf)h
on ds

_89
=~ 5. (0, 29

3 3

an (hu,) + % (hus) = 0, 2.9)
Qs _ O | nkip), (2.10)
on as

S+ u?) + gh
+ fC(s cosf — n sinf) = G(), (2.11)

where, as previously, K(¥) = dG({)/dy and

A . 9
ds ualt; on
Since the shock is viewed as a discontinuity in
depth associated with a local energy loss, it is expected
that the Bernoulli function (2.11) will not be conserved
across the jump. However, both mass and momentum
must be conserved across the shock because there are
no sources (or sinks) of either mass or momentum.
In view of these, we may follow the classical analysis
of one-dimensional shocks (e.g., Whitham, 1974;
Stoker, 1948, 1957); namely, we can integrate (2.7)-
(2.9) across the jump, from —e to +e,

= uh. (2.12)
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which give,

[hu2e. + f: 6 {5% (husu,,)}dn - _: (fus + fCh sinf)dn = [—Tg’ hz:lé ,

€

[huu)e. + f

—€

hity . + f | {a% (hus)}dn -0

These equations contain two kinds of terms. Those
in square brackets correspond to the change of the
associated values across the shock and the remaining
terms correspond to integrations across the jump.

The equations can be further simplified by noting
that shrinking of the integration interval to zero (Fig.
3b) causes vanishing of all the integrals. Namely,
when ¢ — 0 all the integrals in (2.16)-(2.18) [i.e., the
expressions resulting from the terms which did not
involve derivatives with respect to n] go to zero
because the integration of both continuous and dis-
continuous functions gives a continuous function
(e.g., see Whitham, 1974). Then the final shock
conditions are

(2.18)

() + % () = h(u, Y + % R, (2.19)
hru, u™ = hu, g, (2.20)
hu,t =hwu,, (2.21)

where the minus and plus superscripts denote that
the variable in question is associated with cross
sections behind (7 = —¢, ¢ — 0) and ahead (n = +e,
¢ — 0) of the shock (see Fig. 3b). Note that condition
(2.21) has been used in deriving (2.20) from (2.8),
and that relations (2.20) and (2.21) can be combined
to give,

U = u"

(2.22)
which means that the tangential velocity is continuous
across the shock. In addition, note that (2.19)-(2.22)
are valid at all points along the shock.

Several comments should be made with regard to
(2.19)—(2.22). First, note that the equations are valid
for all rotational shocks; the only requirements which
must be satisfied are that momentum and mass are
conserved across the shock. Second, (2.19) implies
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Tg f {— (h2)} (2.13)

Tg f {— (hz)} 2.14)

@.15)

) 2.16)

{a% (husz)}dn + f_ ity + fCh cosg)dn = :251 f_ 6 {gs- (hz)}dn 2.17)

that particles cannot slide along the shock because
such a sliding requires u,* = u,” = O (along the
section of sliding) so that " = A~ which means that
there is no shock (Fig. 3c). Third, since u, is, in
general, discontinuous across the shock (see 2.21), it
follows that the velocity vector changes direction (as
a particle is crossing the shock) unless the approaching
flow is perpendicular to the shock. As pointed out by
Pratt (1983), this means that shocks must be perpen-
dicular to all solid walls. However, note that this does
not mean that the shock is a straight line; the shock
is perpendicular to the wall only at y = 0. Finally,
(2.19)-(2.21) imply that the edge (£ = 0) varies grad-
ually across the shock (Fig. 3) even though an abrupt
change in width may appear, at first, to be more
natural. To illustrate this point, we expand the depth
in the vicinity of the edge in a Taylor series,

_ oh~
h =(s—s.) 35 + ;
oh*
+ =. — —tt . o o
ht =(s — s.) s + , 2.23)

where s, corresponds to the edge so that (s — s,.) is
small. Substitution of (2.23) into (2.19) gives,

, on*
g's— se)('b';)
—_—

1+

2(u, "y
Ter we-a(f)
( s )(un) g'(s — se) s

- + " + ¢+ (2.242)
(aah )(un+)2 z(a;l )(un+)2

which, in the limit s — s, (with u,* # 0), reduces to

( P = ( ”s_)(un Pt e, (2.24b)

§ = Se.
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Similarly, substitution of (2.23) into (2.21) gives

ot ah‘

—h‘ (") =—— (un )+ - (2.25)
for s — s,. Equations (2.24) and (2.25) can now be
combined to the single equation,

Wyt =y + o (2.26)

This together with (2.22) state that both the normal
and tangential velocities are continuous along the
edge implying that the edge varies gradually and
cannot contain an abrupt change as stated above.
- [Using (2.25), it is easy to show that both u, and u;
are continuous across the shock even in the highly
unlikely situation where u," — 0 as s — s, (i.e., the
shock is tangential to the edge) so that (2.24b) cannot
be derived from (2.24a).]. The length scale of the
transition zone & (see Fig. 3a) does not enter any of
our previous computations nor does it enter any of
the limits that we have taken. Namely, & is not
directly dependent on the shock conditions; it is
related to the connection of the upstream and down-
stream states. Consequently, its exact determination
requires a detailed solution for the vicinity of the
shock which, as we shall see later, is beyond the
scope of this study. It is expected, however, that é
will be of the order of the deformation radius,
(g'D\.,)'"/f, because it represents a transition between
two geostrophic states (upstream and downstream).

Since particles do not slide along the shock as they
cross (Fig. 3c), it follows that particles exit the shock
at the same distance from the wall that they entered.
Consequently, we may compute the energy loss across
the shock (AG) simply by taking the difference in the
values of the Bernoulli functions on the two sides
which gives

AG = G* —
= 2 [ -

because the terms involving » and s [see (2.11)] have
been cancelled out. With the aid of (2. 19) and (2. 21)
relation (2.27) can be manipulated to give
g/( h— _ h+)3
4h~h*

This relationship was also obtained by Pratt (1983).
However, Pratt did not consider the contribution of
the terms involving # and s to the Bernoulli function
so that his Bernoulili function is not a direct measure
of the particle’s energy in a moving (and rotating)
coordinate system. The lack of any difference between
his result and (2.28) stems from the fact that particles
do not slide along the shock as they cross [so that

the value of fC(s cosé — n sinf) is identical on the
two sides of the jump].

for s—s..

G-

@)1+ g — k) (2.27)

G'—-G = (2.28)

DORON NOF
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Relation (2.28) states that when 4~ > A* particles
must enter the shock from the region ahead of the
shock (i.e., downstream) and exit behind the shock
(i.e., upstream). Otherwise the particles would have
an energy gain rather than an energy loss as they
cross the shock. This condition implies that the prop-
agation speed of the shock (C) must be faster than
the downstream advection speed (U,) so that the shock
exceeds the speed of all the particles downstream.
This point will be further discussed in Section 5.
Before proceeding, it should be pointed out that the
general form of conditions (2.19)-(2.22) and (2.28) is
essentially identical to that associated with nonrotating
(f= 0) shocks (e.g., see Rayleigh, 1914; Stoker, 1957).
The only difference between the rotating and nonro-
tating case is that the properties of the latter are fixed
whereas those of the former vary along the shock
(i.e., with “s”). In addition, note that, as in nonrotating
shocks, the mechanical energy loss within the shock
(AG) is converted into heat; the associated temperature
increase is minute, and its influence on the dynamical
structure is negligible.

With the aid of (2.19)-(2.28) it is now possible to
examine the properties of the potential vorticity on
the two sides of the jump. Since K(¥) = dG/dy, we
have

wr=(3) (&)

G -G e

which, in view of (2.12) and (2.21), gives

-S@) -(@)] oo

As pointed out by Pratt (1983), this means that
potential vorticity may or may not be conserved
across shocks.

It will become clear later that, in order to connect
the upstream and downstream fields, it is necessary
to adopt a closure condition on the velocity or depth.
We shall show shortly that the most logical closure
condition for the problem at hand is the continuity
of potential vorticity across the shock. Namely, even
though potential vorticity is not in general conserved
across shocks, we shall assume that, in our particular
case, potential vorticity is conserved. This is supported
by the following reasons:

K*-K~

1) There is no mechanism by which information
can be transmitted upstream because Kelvin waves
can only propagate along a wall on their right side
(see Figs. 3 and 4). Consequently, the potential vor-
ticity at the source cannot be aitered and the only
region whose potential vorticity could possibly be
changed is the area between the section where the






