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ABSTRACT

The flow through broad passages connecting oceans and marginal seas is examined by a simplified two-
layer analytical model. Attention is focused on the flow resulting from the difference between the upper layer
depth in the two basins which imposes a pressure gradient along the passage. The land masses separating
the ocean from the adjacent marginal sea are represented by two portions of an infinitely long wall extending
from the free surface to the bottom of the ocean. The passage, whose width is larger than the deformation
radius, is represented by a gap separating the two portions of the wall.

The model is frictionless, hydrostatic and nondiffusive but the movements within the gap are not con-
strained to be quasi-geostrophic in the sense that the local Rossby number is not necessarily small and the
interface displacements are of the same order as the upper layer depth. Steady solutions for the upstream
and downstream fields are obtained analytically using the momentum equation in an integrated form, the
Bernoulli integral and conservation of potential vorticity.

It is found that, surprisingly, the transport through the gap is indeperident of the gap’s width. Upstream
the oceanic water approaches the gap only from one direction; upon reaching the gap, the approaching
current splits into two branches. One continues to flow in the oceanic basin and never enters the gap whereas
the other passes through the gap and penetrates into the marginal seca. Downstream, the pentrating flow
forms a boundary current which is confined between the wall on the right (looking downstream) and a free
bounding streamline on the left.

A possible application of this theory to the flow from the Atlantic Ocean into the Caribbean Sea via the
Windward Passage is discussed. The observed locations, positions and directions of both upstream and downstream
flows agree with the model predictions. In addition, the predicted transport through the passage (~12 X 10*
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m? s~') is approximately equal to the observed transport.

1. Introduction

The exchange of water between oceans and mar-
ginal seas plays an important role in the dynamics
of the oceans as well as the dynamics of the adjacent
marginal seas. This results from the fact that mixing
and subsequent property changes are taking place in
the vicinity of many passages.

These considerations have been known for some
time and, consequently, there have been a number
of investigations which attempted to determine the
flow through channel-like straits (e.g., Whitehead ez
al., 1974; Gill, 1977; Nof, 1978a, b; Garrett and Pe-
trie, 1981; Shen, 1981). While these studies are in-
formative, many straits and passages do not possess
a channel-like structure but, rather, correspond to
broad openings. For instance, the exchange of water
between the Atlantic Ocean and the Caribbean Sea
takes place through a chain of passages, the Wind-
ward Passage (Fig. 1), the Mona Passage and the
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Anegada Passage, all of which are broad and short
rather than long and narrow. ‘

The exchange mechanisms through such gaps are
expected to be quite different from those of channel-
like straits because the flow within the gaps is not
geostrophic in the cross-stream direction. Since the
opening is short, large deviations from geostrophy are
expected to occur within the gap itself. In this paper,
we shall show that, despite this nonlinearity, it is pos-
sible to determine the flow through the gap. It will
be shown that, by using the momentum equation in
an integrated form, it is possible to find the upstream
and downstream structure without solving for the
nonlinear flow within the gap.

Consider the following situation as an idealized
formulation of the problem. Two unbounded basins
are separated by an infinitely long wall which contains
a gap whose width is larger than the deformation ra-
dius. The two parts of the wall represent the land
masses separating the western Atlantic from the Ca-
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F1G. 1. The location of the Windward Passage relative to Cuba and Hispaniola. For modeling purposes,
the two islands are approximated by long thin walls (see Figs. 2 and 4).

ribbean Sea. The wall on the left represents Cuba and
the wall on the right represents Hispaniola.

Both the inner (Atlantic) and the outer (Caribbean)
basins contain two layers, a shallow upper layer whose
density is p and an infinitely deep lower layer whose
density is (p + Ap) where (Ap/p) < 1. The upper layer
in the inner basin (Atlantic) contains a current flow-
ing along the wall. The depth of this current along
the coast is larger than the depth of the motionless
upper layer in the outer basin so that in the upper
layer there is a pressure-gradient along the passage.
The gap connecting the two basins is initially blocked
by a gate which extends from the free surface to the
interface. The difference between the free surface
height of the two basins is such that there are no
pressure gradients in the lower layer and, conse-
quently, there is no flow in the lower layer even
though it is not blocked.

At t = 0, the gate is removed and, subsequently,
the light fluid flows from the inner basin into the
outer basin. Our aim is to determine the transport
through the gap and to examine the changes that will
occur upstream in the inner basin. It is expected that,
after an initial period of adjustment, a steady state
will be reached because the initially unbalanced sys-
tem will tend to approach a state of geostrophic bal-
ance in a similar fashion to the adjustment process
discussed by Rossby (1938).

To obtain the steady solution to the problem, we
shall apply the momentum equations in an integrated

form, use the Bernoulli integral and consider conser-
vation of potential vorticity. We shall see that this
system of equations gives the desired information for
both the upstream (inner) and downstream (outer) flow.
This approach enables one to construct solutions for
the regions away from the gap without finding the
detailed solution within the gap itself. For clarity, a
simple variation of the process in question is dealt with
first. This corresponds to the case where the depth of
the initial upper layer in the outer basin vanishes (Fig.
2). Namely, there is initially an upper layer only in
the inner basin and this flow enters the outer basin
through the gap. Hereafter, this case will be referred
to as case L.

After presenting this relatively simple case, the gen-
eral problem (i.e., an initial upper layer in both ba-
sins) is considered (case II). Both cases are treated in
detail and much of the discussion is devoted to a
detailed examination of the upstream and down-
stream currents. After the solutions for both cases are
presented, the results of the second case (upper layer
in both basins) are compared to the observed trans-
port in the Windward Passage and the currents in its
vicinity. We shall see that the predicted results agree
qualitatively with the location, direction and mag-
nitude of the observed flows.

This paper is organized as follows: The formulation
of the problem is discussed in Section 2. The solution
of the first case is presented in Section 3 and its anal-
ysis in Section 4. The second case is considered in
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FIG. 2. Schematic diagram of the model’s initial conditions for case I. The
current, flowing in the positive x direction in the inner basin, corresponds to
a uniform potential vorticity (f7H); its velocity and depth are denoted by U
and D, respectively. The gap is initially blocked by a gate so that there is no

flow from the inner to the outer basin.

Section 5 and its applicability to the Windward Pas-
sage is given in Section 6. Section 7 summarizes this
study.

2. Formulation
a. General description

As mentioned, we shall first focus our attention on
the case where there is no initial upper layer in the
outer basin (Case I). After examining its solution and

various properties, the general problem of an initial
upper layer in both basins will be considered (Sec-
tion 5).

Consider the two-layer system shown in Fig. 2. The
wall separating the current in the inner basin from the
stagnant outer basin is assumed to be thin (b — 0,
where b is the width) so that, in the gap, no fluid can
accumulate against it. Our model is frictionless, hy-
drostatic and nondiffusive but the motions within the
gap will not be constrained to be quasi-geostrophic.
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FI1G. 3. Schematic diagram of the model’s various regions. Im-
mediately after removal of the gate, gravity waves will propagate
in all directions away from the gap. Within a period of O(f '), the
gravity waves in the vicinity of the walls will be modified into
Kelvin waves. Since Kelvin waves require a wall on their right side,
no Kelvin waves can penetrate into regions 2 and 4 so no infor-
mation can be carried to these regions and, consequently, they will
remain unaltered. Namely, the only far fields which will be affected
by the removal of the barrier are regions 1 and 3.

The origin of our coordinate system is located at
the edge of the gap. The x and y axes are oriented
across and along the gap (respectively), and the system
rotates uniformly at f/2 about the z axis. Initially, a
gate, extending across the gap from the free surface to
the interface, separates the two layered inner basin
from the one layered outer basin. The initial current
in the inner basin flows on top of an infinitely deep
motionless layer; it has a uniform potential vorticity
JIH; (where H; is the upper layer undisturbed depth
and the subscript i denotes that the variable in question
is associated with the inner basin). Consequently, its
velocity (U) and depth (D) obey f U = —g'dD/dy and
—0U/dy + f = f D/H;, where g'is the “reduced gravity”
(gAp/p). In view of this,

U,
U=U,e’R and D= Hi(l - ——W~ey’R") , (21
7R, (2.1

where U, is the initial current speed near the wall
(v = 0) and R, is the deformation radius (g'H;)"/*/f.
The level of the free surface in the inner basin at
¥ — —oo is higher than that of the outer basin by
H;Ap/p. Under these conditions, there is no flow in
the lower layer even though the lower portion of the
gap is not blocked.

At ¢ = 0 the gate is lifted and, subsequently, light
fluid starts penetrating into the outer basin. It is ex-
pected that, simultaneously, gravity waves will be
generated in the gap and its vicinity. These waves will
propagate outward away from the gap. Within a pe-
riod of O(f '), however, the waves in the vicinity of
the walls will be modified into Kelvin waves (Fig. 3)
because our system is rotating. Since Kelvin waves
require the presence of a wall on their right, no dis-
turbances can penetrate into regions 2 and 4 (Fig. 3).
Consequently, these regions will remain unaltered
and will not be influenced by the fact that there is a
flow through the gap.
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After some time a steady state will be reached and
it is this state that we shall focus on (Fig. 4). Note
that we shall not be concerned with the behavior of
the penetrating current’s nose considered by Stern
(1980) but rather with a situation in which the nose
has reached a very long distance (>R,) from the gap.

Away from the gap, the steady upstream and down-
stream currents are expected to be in geostrophic bal-
ance because, in these regions, the geometry tends to
force the flow to be one-dimensional. In the outer
basin, the steady flow must be adjacent to the left
wall because no Kelvin waves can penetrate into re-
gion 4 and, as we shall see later, this is the only po-
sition which allows conservation of momentum in
the x direction. Both regions 4 and 2 remain unaltered
so that their final fields are identical to the initial
fields. Namely, in the final steady state, region 4 will

‘be stagnant and the velocity and depth of region 2

will be identical to the speed and depth that we have
started with (U and D).

Our flow system consists, therefore, of two un-
known boundary currents (regions 3 and 1) and a
nonlinear region in the gap and its vicinity. It is not
a priori obvious that the resulting downstream and
upstream flows (regions 3 and 1, respectively) can be
determined without solving for the gap and its vicin-
ity. We shall see, however, that the use of the inte-
grated momentum equation e¢nables one to construct
the upstream and downstream solutions without
looking at the detailed flow structure within the gap.

b. Governing equations and boundary conditions

In view of the considerations mentioned above,
region 3 is governed by the potential vorticity equa-
tion and the geostrophic relationship,

. —0us _ _}lg_f
= (2.22)
oh
fus = —g' —5)-5 , (2.2b)

where u; is the horizontal velocity component in the
x direction, A is the upper layer depth and the sub-
script ; denotes that the variable in question is as-
sociated with region 3. Note that 4; = 93 + £, where
73 and &; are the free surface and interface vertical
displacements (measured upward and downward, re-
spectively), and n; = £34p/p 5o that A3 ~ £;.

The boundary conditions for region 3 are,

hy=0; y=1s, (2.3a)
u32 (u12 )
20 E1gh) L, (23b)
2 y=v3 2 y=0
2 2
(u% + g’h3) = (% + g’D) R (2.3¢)
y=0 y=0
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FIG. 4. Schematic diagram of the final adjusted state for case I. The flow in region 2 is identical
to the initial flow (Fig. 2) because no Kelvin waves can ever reach it (Fig. 3). Similarly, region 4 is
unaltered and remains stagnant. Since transport of light water through the gap is finite, the current
cross section must also be finite so that the interface intersects the free surface at some location [y
= y(x)]. The free surface vertical displacements () are measured upward and the interface dis-

placements (£) are measured downward.

where, in a similar fashion, the subscript | indicates
that the variable in question is associated with region
1. Condition (2.3a) states that the depth vanishes at
an unknown distance from the wall (v;). Relations
(2.3b) and (2.3c) represent the condition that, in the
final steady state, energy is conserved along the two
streamlines which bound the current from left and
right. Both correspond to an application of the Ber-
noulli principle, which states that the quantity Y2(u?
+ v?) + gn, is conserved along streamlines, along the
bounding streamlines. The latter (2.3c) is an application
of the Bernoulli principle to the streamline associated
with the left wall, whereas the former (2.3b) is asso-
ciated with its application to the right wall and the
surfacing interface (£ = 0). Note that beyond the sur-
facing interface [y = v(x)] the outer basin is at rest

because in an inviscid, steady model there is no mech-
anism by which momentum can be transferred from
the current to its neighboring water.

Region 1 is also governed by the potential vorticity
equation and geostrophy so that,

—du, hf
+f=— 2.
o (2.4a)
oh,
—fu, =g —. 2.4
fu, =g 3y (2.4b)
The boundary conditions for region 1 are,
wm—0;, y— —oo, (2.5)
h— H;; y— —oo, (2.6)
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which states that the velocity decays away from the
wall.

¢. Constraints

The flow in the inner basin is connected to the
outer flow via (2.3b) and (2.3c) but there are two
additional equations which the unknown variables
must satisfy. The first results simply from continuity
and can be written in the form,

3 0 0
f ushsdy + j UDdy = f uhdy. (2.7)
0 - ~00

This equation states that, in the final steady state,
volume flux is conserved. It will become clear later
that this equation is automatically satisfied by the
variables which satisfy (2.2)~(2.6). This results from
the fact that we have applied the Bernoulli principle
along the two bounding streamlines of the outer cur-
rent so that in fact we have already stated that the
two edges and walls are streamlines. Although this
consideration cannot be easily verified at this stage
of the presentation, it will be easy to examine (2.7)
once the solution is obtained (Section 3).

The second equation will be obtained from con-
servation of integrated momentum in the x direction.
Before discussing its details, it is appropriate to mention
that the use of integrated momentum for nonrotating
fluids is common (see e.g., Batchelor, 1967), and that
for rotating channels its use has been discussed by
Shen (1981). Its applicability for the problem under
discussion differs from both cases because the flow is
not irrotational, nor does it have a channel-like struc-
ture. To illustrate the properties of the integrated mo-
mentum for the problem at hand, consider the region
bounded by the dashed line shown in Fig. 5. Integration
of the x momentum equation over this region gives:

1 (2o v - [ [ [ i
=-¢ f f f ggdxdya’z, (2.8)

where ¥V denotes the entire volume of the region.
Since the flow is hydrostatic and « and v are inde-
pendent of z, (2.8) reduces to

f f (hu—— + vh )dxdy f f fohdxdy

=—g ff h o dxdy (2.9)
s

where S is the entire area of the region. By using the
continuity equation,

] 9
Ix (hu) + a—y (hv) = (2.10)
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and the stream function v, defined by,
Y N
— =vh; — = —uh, 2.11
ax vh; 3 uh (2.11)

Eq. (2.9) can be reduced to
9 9 W
ff [gc (hu?) + > (huv)]dxdy - ‘Lf f Ix dxdy
S
f f — (Wydxdy. (2.12)

Application of Stokes’ theorem to (2.12) gives,

- ¢ huvdx + ¢ hu*dy — fﬁ fudy
s ¢ "

+£& 95 Kdy =0, (2.13)
2 J,

where ¢ is the boundary of the region under discus-
sion (see Fig. 5) and the arrowed circle indicates that
the integral along the boundary is taken counter-
clockwise.

Eq. (2.13) can be somewhat simplified by noting,
that 2 = O along the section OB (Fig. 5), that u,
v— 0 as y — —o, and that v = 0 along the solid
walls. In view of these conditions, (2.13) takes the
form:

L (hu? + g'h?/2 ~ fg)dy
= fF (DU? + g'D?%/2 — f¥)dy
E

B 0 .
+ [t + ghi2 — oy - [ fudy. @.130)
A B
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FiG. 5. A diagram of the integration area for the momentum
equation for both case I and case II. In the outer basin, the inte-
gration area is bounded by the wall, the free streamline and a
section across region 3. In the inner basin, the integration area
extends well beyond the expected decay region (i.e., DE is located
several deformation radii away from the walls). It is bounded by
sections across region 2 and 1, the walls and the line DE which is
parallel to the walls.
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We shall now show that this equation can be fur-
ther simplified by defining y to be zero along OB
(where A = 0). For such conditions, the last integral
on the right hand side vanishes, and multiplication
of the geostrophic relationship, for region 3, by A,
and an integration in y gives,

s = g'h?/2 + ¢,
= (. For regions 2 and 1,

where ¢;=0

because ¥; = 0 where A5
Y =gD2+c; fbh=gh*2+¢,

where ¢; and ¢, are not necessarily zero because y;
and ¥ may not vanish where 4, and D do. However,
since the transport through DC must equal the sum
of the transports through EF and AB we have

‘l/lly—'—oo = q’ly—*—oo-
1In addition, we have A,|,_._,, = H; and D|,.._,, = H;
so that at y — —oo both ¢, = ¥ and A, = D. Con-

sequently, we find that although ¢, and ¢, are not nec-
essarily zero, they must be identical (i.e., ¢; = ¢).

In view of these considerations, (2.13a) takes the
form:

C F B

f (hu? — ¢))dy = f (DU? = ¢y)dy + f hsus*dy,
D E A

which, in view of the geometry (Fig. 5), reduces to

C F B
f hluizdy = f DUzdy + f h3u32dy. (214)
D E A .

This equation states that the flow force from the
two sides of the gap must be equal because the width
of the walls (b) is infinitesimal (b — 0). It corresponds
to a balance between the forces exerted (on the inte-
grated region) by the flow which enters the region and
the flow which leaves. Note that the fact that the flow
curves when it passes through the gap does not enter
(2.14) directly because both the entering and exiting
flows are one-dimensional. The curving of the flow
enters the problem indirectly through the second term
on the right hand side which corresponds to the fact
that region 3 and region 1 have different locations with
respect to the walls. A

Such a curving effect would also be present in a
broad opening with a finite length (i.e., b # 0) which
corresponds to a channel connecting the two basins.
Under such conditions the gap will essentially behave
like a channel and its properties are expected to be
similar to those discussed by Gill (1976), (1977). For
such a situation, however, the momentum constraint
involves an additional force acting on the gap’s side
walls so that (2.13) cannot be reduced to (2.14).

Before proceeding and discussing the detailed so-
lution for the problem at hand, it is of interest to
examine the integrated momentum balance in the y
direction. This balance is not really needed in order
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to solve the problem because, as we shall see, the set
(2.2)—~(2.6) and (2.14) is sufficient for finding the so-
lution. However, since the balance in question in-
volves the forces along the gap, its detailed form may
shed some light on the processes under discussion.

By repeating the procedure outlined earlier, one
finds that the integrated momentum equation in the
y direction is,

— ¢ hv’dx + g.) huvdy + f qi vdx

—% gﬁthx =0, (2.15)

which, with the aid of the considerations mentioned
earlier (regarding u, v and ¢ along the walls), takes
the form, .

2)abc

C
fhzdx+f5(—ﬁj¢+H,-
0 D g
G A
-+f hzdx-i—f hdx = 0.
F G

It will become clear later (Section 3) that, for the
problem under discussion, ¥ = g'H,%/2f along DE so
that we have,

C G A
f hdx + f hdx + f Wdx =0
(o] F G

1 IT I

This equation represents the integrated forces in the
y direction. It corresponds to a balance between the
pressure forces exerted (on the integrated region) by
the right wall (I), the inner side of the left wall (II)
and the outer side of the left wall (III). As expected,
(2.16) does not introduce any new constraints on the
upstream and downstream currents. It illustrates,
however, the manner in which the walls exert a force
on the domain in question.

(2.16)

3. Solution
a. General solution for region 3

To obtain the general solution for this region, (2.2a)
and (2.2b) are combined to
Fu; us

— —-———==0 3.1
57 " RE" O (3.1)
where R, is the Rossby deformation radius which, as
before, is based on the undisturbed upper layer depth
in the inner basin [i.e., R, = (g'H;)"/?/f)]. The solution
is

Uz = A3ey/Rd + B3€~y/Rd, (32)

where 4; and Bj; are constants which should be de-
termined from the boundary conditions. The depth
h3 is found from (3.2) and (2.2a) to be






